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Introduction

We have organized the topics in order of complexity, and, in the same spirit than in previous book
[1], we have tried to write the calculations as detailed as possible. In Chapter 3 we included the
building blocks of quantum field theory, in Chapter 5 we introduce the S-matrix in the Scrodinger
Picture separating the kinematical and normalization factors from the matrix element. Then the
expressions for the decay rates and cross sections are obtained. The explicit calculation of the
matrix element from the expansion of the S—matrix to obtain the Feynman rules, is postponed to
Chapter 7. In Chapter 6 we use the Feynman rules necessary to calculates the matrix element, and
develop the techniques associated to the squaring of the matrix element. In Chapter 7 we obtain the
Feynman rules used in two body decays directly from the first order expansion of the S—matrix in
the interaction picture. The subsequent chapters have applications of the techniques developed to
the calculation of tree-level, Chapter 9 and loop processes.

This notes are based in books [2], [3], [{]. In each Chapter or Section the main reference used
is cited. Also, we have included material developed by students Juan Alberto Yepez, José David
Ruiz Alvarez. This notes are written in English, because at this level it is expected that any physics
student be fluently in reading technical texts in this language.

This work have been partially supported by “Dedicacién Exclusiva 2008-2009” project: RR 26663
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Chapter 1

Classical Field Theory

This chapter is a summary of the main topics developed in the course “Hacia la teoria cuantica
de campos” [I]. We will introduce special relativity as the necessary ingredient to guarantee the
local conservation of electric charge in quantum mechanics. The symmetries of the electromagnetic
Lagrangian will be extended to include the electron, as one Dirac spinor. The resulting Quantum
Electrodynamics theory will be used as a paradigm to explain the other fundamental interactions.

1.1 Lagrangian Formulation

1.1.1 Ecuaciones de Euler-Lagrange

Definamos 3
0, = (1.1)

B O’

En tres dimensiones, la accién de la se puede escribir como:

S16.0,0) = [ atac(6.9,0) (12
donde d*z = dt dx dy dz. Considere primero una variacién sélo de los campos, tal que (z = x#)
0¢(x) = ¢'(x) — ¢(x) (1.3)
De otro lado, con dz = 2’ — z, la expansién de Taylor para f(z + dx) es
f(x+5x):f(x)+%5x+--- (1.4)
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Para £, tenemos de la ec. (1.3)
£(¢/7 aﬂ¢/) = ‘C((b + 5¢7 aﬂ¢ =+ aﬂ(6¢>)

— 2+ %55+ 95 5 50) (1.5)

99 9(9,9) "

Entonces, de imponer que 05 = 0, tenemos

6S=5—-8= / d'z L(¢,0,9") — /Rd%ﬁ(cb, 0u9)

= [ |50+ aia g9

- [ 45 - 2 (amm)) oo Lo )
5= [ e {55 - % ()| o+ [ Laga?] o =0 40

Donde hemos aplicado el Teorema de Gauss

/V-Ad%:/A-dS (1.7)
\% S

generalizado a cuatro dimensiones. Como la variacion de d¢ es cero sobre la hipersuperficie o resulta

e e | (g | oo =0 19

Como d¢ es cualquier posible variaciéon entre las fronteras de la hipersuperficie, el integrando debe
anularse y resultan las ecuaciones de Euler-Lagrange:

oL oL
_ 2= 1.9
6~ % 9
La densidad Lagrangiana
L'=L+09,(n(x)) (1.10)

donde 7(x) es cualquier funcién de los campos de la densidad Lagrangiana original, da lugar a la

Accién
S':/d4x£’:/d4x£+/d4xaun
R R R

:/d4x£+/ndau
R o

=9, (1.11)
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para una hipersuperficie suficientemente grande. De modo que dos densidades lagrangianas que
difieran solo en derivadas totales dan lugar a la misma Accion.
Usando el principio de minima accién en términos del campo ¢, tenemos que para la densidad

Lagrangiana (?7)
1|1 99\ [09)\?
£=3 [— (_c‘%) —<—az)]’ (112)

las ecuaciones de Euler-Lagrange (1.9)

80{ oL }wg{ oL } oL _,

9(09) 0s0)] 99
o[ o o oc
ot {8(6@/87&)} N {a(ﬁgb/az)] -
10 [%} _ 9 {%} 0
vZ2 Ot | Ot 0z | 0z
1% 0%
2or 9.2 =0, (1.13)

que corresponde a la ecuacion de onda.
Generalizando a tres dimensiones vemos que la ecuaciéon para una onda propagandose a una
velocidad v,

1 02%¢

proviene de una densidad Lagrangiana (hasta derivadas totales)

1|1 (00)\?
£=; [— <a> —WW]
1

1
- [ﬁam St — 016 am] . (1.15)

1.1.2 Teorema de Noether para simetrias internas

Para un campo complejo la ec. (1.2) se generaliza a

S[6, 6", 0y, 0,6°] = /R d'e £(6, 6", 0,6, 0,67) (1.16)
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Usando el mismo procedimiento, se obtiene

o e 2 [ () o e {2 (5] o

oL oL
+/d4x8 { 5¢ + 6" } =0. 1.17
50,0 0,0 A
Usando de nuevo el Teorema de Gauss resultan las ecuaciones de Fuler Lagrange para ¢ y ¢*
oL oL oL oL
o) - % )~ 5% 19

De otro lado, si asumimos que ¢ y ¢* satisfacen las ecuaciones de Euler-Lagrange, en lugar de asumir
que d¢ y d¢* se anulan sobre la hipersuperficie, los dos primeros términos de la ec. (1.17) se anulan
y tendremos que para que 05 = 0:

/d4x (9,J") =0, (1.19)
R
donde,
oL oL
= { } 56 + 56" { } (1.20)
9(0,9) 9(9.0*)
Entonces J* satisface la ecuacién de continuidad:
oJ" =0 (1.21)
0.J°
—+V-J=0 1.22
Integrando con respecto al volumen
0
8i dx / V- -Jd&z =0,
0
ai d*x /J -dS =0, (1.23)
v Ot g

Escogiendo una superficie suﬁcientemente grande que abarque toda la fuente de densidad p = J°, de
la corriente J, el segundo integrando es cero y

d

o pd3x = 0. (1.24)

Este resultado es conocido como Teorema de Noether. Este establece que para toda transformacion
continua del tipo (1.3), debe existir una cantidad conservada, d@/dt = 0, que en este caso corresponde
a

Q= /Vpd x. (1.25)
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1.1.3 Teorema de Noether para simetrias externas

Para el caso de una simetria externas, por ejemplo la correspondiente a una traslacién espacio—
temporal

ot — " =xt + da*

St =ba” (1.26)
tenemos
(2') = ¢ (¢ + 6a) (1.27)
~ ¢ (2) + %&w (1.28)
= [6(2) + 56(2)] + o 6(2) + 66 (x) o (1.29)
~ ¢(z) + 0p(x) + 85—;?5@”, (1.30)

donde, por simplicidad, ¢ es de nuevo un campo real, y en el tltimo paso hemos despreciado un
término de orden d¢pda*. Entonces,

0¢(x)

Para una traslaciéon, A¢(z) = 0, ver figura 1.1. De modo que
d¢p = —(0,0)0a", (1.32)

y la transformacion del campo ¢ como consecuencia de la traslacion es
6(x) = ¢'(2) = 6(x) + 66(x) = () — (Bu(x))da" (1.33)
Si a* es constante (un analisis mas general es hecho en [?])
d*z’ = d*z (1.34)

En este caso, asumiendo que el campo satisface las ecuaciones de Euler-Lagrange y usando la ec. (1.32)
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9D

AM{

X x'

Figure 1.1: Traslacién de funcién y coordenadas en una dimension: ¢(x) = ¢'(z')

y (1.9) tenemos

>,
nn
I

d*z L(¢', 0, /,x’“)—/I%d4x£(¢(x),8u¢(x),x)

dia L(b + 56, aﬂ¢+a (56), 2" + da*) — / dia L
R

-
o
{]o )] b s 0u(60) + Q0150

d'x

Q

|
ISH
8

+—5¢+ ) ((5¢)+(8ﬂ£)5a“} - /R &'z L

Q,
N

9,(60) + <au£>6a“]

QU
=

T(
R

diz 9 00+ L’(Sa“}

&

,,gzﬁéa + Eéa”}

,,gbéa + L8 (a”)

|
o]

(0

abon
505
ot
m{{

(1.35)

= / d*z 9, (T"sa") = 0. (1.36)
R



1.1. LAGRANGIAN FORMULATION 9

Y por consiguiente
0, Thda” = 0, (1.37)

De modo que para cada v, con da” # 0, se satisface:

donde or
TV = ———(0,9) — 0L L 1.39
55,5700 (1.39)

El tensor T} proviene de asumir la homogeneidad del espacio y el tiempo y es llamado el tensor de
momentum-—energia.
Para una traslacién temporal: v = 0, se genera entonces la ecuacién de continuidad:

0,10 =0 (1.40)

Donde la densidad de Energia, o mas de forma més general: la densidad Hamiltonina corresponde a
Ty

H:ﬂu{%¢—ﬁ (1.41)
= W(:E)aq;—(tx) —L. (1.42)

Comparando con la expresién correspondiente en la formulacion Lagrangiana de la Mecanica Clésica,
tenemos que si ¢(x) es la variable canénica, la variable canénica conjugada es w(z)

o
™) = Fae) o0

El teorema de Noether en este caso establece que la invarianza de la Accién bajo traslaciones tem-
porales da lugar a la ecuacién de continuidad (1.38) para v =0

8, Tt =0 (1.44)

(1.43)

cuya carga conservada corresponde a la energia

H:/ﬁ%ﬁ:/ﬁ%% (1.45)
|4 |4

De igual forma la invarianza bajo traslaciones espaciales de lugar a ecuaciones de continuidad para
cada componente v =i (i = 1,2, 3)

8,T" =0, (1.46)
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cuyas densidad de cargas conservadas, T, que en forma vectorial escribiremos como T?, dan lugar
a la conservacién del momentum

P:/d3xT°. (1.47)
\%

Generalizando a un campo complejo

oL oL
TV = ———(0, 00"
= g )+ (B

50 L (1.48)

1.2 Global gauge invariance

Haciendo A = 1, el Lagrangiano que da lugar a la ecuaciéon de Schrodinger es

I
Ewaw*ﬁw,&uw*)—ﬁvw*.vw—f( O _ o

2 ot ot
= 000 — £ (500 — ) + UV

1/1> + PV (1.49)

Aplicando las ecuaciones de Euler-Lagrange (1.18) para la funcién de onda 1* obtenemos la ecuacién
de Scrodinger con h = 1:

=9 ) ~ 55 = [zae) O 7| o (150
Como
ooy =5 o] ~ 5"
3@ = 3 o~ 2 -2y
% — %&ﬂb* gtV ng* - —%@W VY.

Entonces, reemplazando la ec. (1.51) en la ec. (1.50), tenemos

oL oL ) 1 )
0= {0@«#*)} Topr (ﬁw) o <%a”/’) - (_5601/’ * W)

1 1 1
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Que puede escribirse como
0 1 _,
— = —=— V). 1.53
e (o) o

El Lagrangiano en ec (1.49), y por consiguiente la Accidn, es invariante bajo una transformacién
de fase '
Y — ) = e, (1.54)

Por consiguiente, de acuerdo al Teorema de Noether, debe existir una cantidad conservada. La
corriente conservada se obtine de la ec. (1.20). Para los campos ¢ y ¥*, tenemos

Sp =) — = (e — 1) = iy (1.55
St ~ —ify*. (1.56)

Usando ademés la ec. (1.51) en la definicién de J° dada por la ec. (1.20), tenemos

'~ 5@+ oo
i GO G L
= 0™, (1.57)
y
= o)+ |30
= 50w (i89) + (i00") -0
= I (o —wow). (1.58)

Entonces, normalizando apropiadamente la corriente escogiendo # = 1, tenemos
JV = (1.59)
i
J=— V¢ —y*'Vy). 1.60
UM 20 (1.60)

De acuerdo a la ec. (1.59), la cantidad conservada corresponde a la probabilidad de la funcién de
onda y normalizando apropiadamente la ec. (1.25)

Q, = /V Prpdr=1 (1.61)
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En cuanto a las simetrias externas, tenemos de la ec. (1.39) que da lugar a las ecuaciones de
continuidad (1.44)(1.46)

9,15 =0
9,T!" =0 (1.62)
Las cargas conservadas corresponden entonces a T3 y TP. Usando las ecs. (1.51) en la ec. (1.48)
oL oL
TO K3 7
* o) X O g
IO = — L0t (0) + S(00" )0 (1.63)
Entonces, definiendo _
? * *
T = L4V — V) (1.64)
Ademas
i
T = 2 (V') = 4" Vi = ' V)
.k i *
=~ VY + SV (6). (1.65)
Integrando en el volumen
/ T &z = —i/ WV P+ fv/ b B (1.66)
1% 1% 2 Jy

De acuerdo a la ec. (1.61), la ltima integral es una constante y

/ T B3z = —i / DV
1% |4

B) = / VUi (1.67)
v

De modo que (p) son las cargas conservadas asociadas al valor esperado el operador de momentum
p=—-iV. (1.68)

De otro lado

oL oL
TY = ————0pt) + O™ —
P o) T 90 o)

= ——Y/J*aow + 30?/1 Y — zw* Y+ 5 (¢*80¢ — O™ Y) — VY
= —% O — w*vw (1.69)
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Como las corrientes solo estan determinadas hasta un factor de proporcionalidad, definimos

H=-T)= %V@b* -V + "V
_L . * _L *v72 *
= 5oV (V) - UV T

Integrando sobre el volumen y usando la ec. (1.67)

3_i . * * _i2 3
/V’de—Qm/VV (¢V¢)—|—/V¢ ( QmV —i—V)wdm

1 . . 1
Z%V-/V(@b V¢)+/V¢ (—%V%V)@bd?’x

v (Lo :
=5V <p>+/v¢(2mv +V)¢dx

_ / o (_LVZ 4 v) vz
v 2m

HE/’Hd?’x:/w* <—iv2+v>¢d3x
1% 1% 2m

= / PPr ot Hy = (H).
g

Entonces

Que es un resultado bien conocido de la mecanica cuantica.
Como

~ 1 -
H=_—p*+V,
2m
podemos escribir la ec. (1.53) como
P .
i— = H.
B t?ﬂ (0
Podemos identificar entonces los operadores de energia y momentum.
~ 0
=i—, p=——1V
o P

13

(1.70)

(1.71)

(1.72)

(1.73)

(1.74)

(1.75)

Retornando a la ec. (1.67), tenemos que para la solucién de particula libre de la ecuacién de

Schrodinger
w — A efik-x’

(1.76)
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la condicién de normalizacién en ec. (1.61) implica que |A|? = 1/L3, y
/ Tz = k. (1.77)
v

Ejercicio: De la ec. (1.72) obtenega la densidad Hamiltoniana, y usando la ec. (1.41) encontrar la densidad
Lagrangiana (1.49).

1.3 Local phase invariance in the Scrodinger’s Lagrangian

When we discuss the wave function ¢ (x), « represents the point in space at which we want to know
the value of the wave function. Since complex numbers are, well, complex, you can’t represent
them by a position on a simple number line. Instead, the have to be represented by a point in a
two—dimensional plot.

In addition the length of the arrow pointing to the complex number we also need an angle to
specify exactly how to draw the arrow pointing to the complex number. The observable is encoded
into the length of the arrow representing the value of the complex valued wave function at that point
of the space—time. Its angle is unobservable.

The complex number (z) in the Scrodinger equation is just the number whose square is the
relative probability of finding the object at that point.

Now, suppose that you arbitrarily decide to make a change of phase of the wave function —to
change, at every point in space, the angle € of the complex number v makes with the real axis. Here
is the critical point: Is this change phase is global, if the phase that you change the phase angle
is the same everywhere in space, the this change of phase will not destroy the delicate and essential
balance between the kinetic and potential energy in the Scrodinger equation.

However, in the view implemented by Einstein’s relativity, the need to require that quantum-—
mechanical systems be unaltered only by global changes of phase seemed to be very unnatural. Once
you choose the phase of the wave function at one space-time point, the requirement of global phase
invariance fixes it at all other space-time points:

As usually conceived however, this arbitrariness is subject to the following limitation: once one
choose [the phase of the wave function| at one space-time point, one is then not free to make
any choices at other space—time points.

It seems that it is not consistent with the localized field concept that underlies the usual physical
theories. In the present paper we wish to explore the possibility of requiring all the interactions
to be invariant under independent [change of phases] at all space-time points.

Yang-Mills, Physical Review, 1954
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This is similar to what happens in electromagnetic theory expressed in terms of scalar and vector
potentials. The can be changed by arbitrary functions in a such way that the measured electric
and magnetic fields remain invariant. As we will see, this feature is deeply connected with the local
conservation of electric charge.

We start again with the Scrodinger Lagrangian as written in eq. (1.49):

ot ot
h .
" 2m 0 — % (V00 — Opp™1p) + " V.

) 0 o*
L, ", 0,0, 0,0) = %V@Z)* SV — L < Lo oY

5 w) + YV (1.78)

This Lagrangian is not invariant under local phase changes of the wave function:

O — O =0, (")
_ (aﬂeie(x)) 1/) + 6i9(z)aﬂ¢
=" (i0,0(2)) ¥ + "0,
=@ [i0,0(x) + 0] . (1.79)

In order to have a new Lagrangian invariant under local phase changes, or local gauge transformations,
we need to introduce a new term to compensate for the term arising from the derivate of e?(®):

Dty = Dy’ =(0 + X,) (")
=@ [i8,0(x) + ) ¢ + X, (")
=@ [i0,0(x) + 0, + X, ] ¥ (1.80)

The transformation condition of the new term X, in order to compensate for the term arising from
the derivative of the local phase, i0,0(x), is just that

X, — X, =X, —i0,0(z). (1.81)
Replacing back in Eq. (1.80) we have
D — (D) =D =0, + X],) ("))
=" [i0,0(x) + 0, + X, — i0,0(x)] ¢

=" 10, + X,] ¢
=@ (D) . (1.82)
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Note that D, transforms like the field ¢, and because of this is called the covariant derivative of
. Similarly

(D) = (D) =(0 + X,,7) (¢"e")
= [-i0,0(x) + 8, + X, +i0,0(x)] Yre @)
o+ X e
(D) @ (1.83)

It is convenient to redefine X, in terms of A,:

1
A, = EX/“ (1.84)
such that the covariant derivative can be conveniently written as
D, =0, +iqA,. (1.85)

The transformation properties of A, can be obtained from the X, transformation in eq. (1.81):

iqA, —iqA, = iqA, —i0,0(x)
1
Ay —A, = A~ Eaué(x) : (1.86)

We define local gauge invariance as an arbitrary way of choosing the complex phase factor of a
charged field' at all space time points.

In this way, we can change the original Lagrangian for a new one which is invariant under local
phase transformations:

(D) Do — Dy — (Do) U]+ V@ (18T

5(1/)7 ¢*7 8,u¢7 8u¢*7 Au) = 9
where

1
A= A= Ay = - 0,0(). (1.88)

Hike the electron field as described by the usual Scrédinger equation.



1.4. NOTACION RELATIVISTA 17

This is just the gauge transformation which left the Electromagnetic fields invariant. In fact, the
new Lagrangian is now invariant under the local phase transformations

Lo =%<Diw>’* (D)’ — 5 [0 (Do)’ = (Do) " ¢'] + 0"V (2)¢/
1

= (D)D) (Dyy)
7: *x _—10(x) i0(x * —i0(x) i0(x * _—10(x) i0(x
-3 W e~ 0() i6( )(Do¢) — (Dyy)'e 0(@) o16( )M + e (@) 0 )V(m)w.

=L (1.89)

To preserve invariance one notices that it is necessary to counteract the variation of 6 with x, y,
z, and t by introducing the electromagnetic field A,. In this way, the electromagnetic interaction is
obtained as the result of impose local gauge invariance under U(1) (local phase transformations). To
fully implement the gauge principle, i.e, the paradigm to obtain the interactions as the result of the
gauge invariance, we need to introduce some concepts of special relativity to be developed below.

1.4 Notacion relativista

Las transformaciones de Lorentz se definen como la transformaciones que dejan invariante al producto
escalar en el espacio de Minkowski definido como

a’ = guata” = a,a” = " —dd=a"—-a-a (1.90)
donde pu,v =0,1,2,3, i =1,2,3 y se asume suma sobre indices repetidos. Ademas

ay = gpa” (1.91)

Finalmente la métrica usada se define como

1 0 0 0
0O -1 0 0
0 O 0 -1

donde {g,, } denota la forma matricial del tensor g, .
El producto de dos cuadrivectores se define en forma similar como

a,b’ = g,a't’ =a’’ —a-b (1.93)
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El inverso de la métrica es
{9} = {9}~ = {9} (1.94)
tal que
9" Gow = OF and a* = g"a, (1.95)

Bajo una transformacion de Lorentz.
a" — a =A",a” (1.96)
a, —a', =N,"a,
La invarianza del producto escalar en ec. (1.93)
a"v', =akb,
gaga’ab'ﬁ _ gWCL“bV
GapA® L@ ALY = g,,aMb”

AaugagAB,,a“b” = ga'b”, (1.97)
da lugar a
(0% (6% T
G = A ugaﬁAﬁu or {gw/} = {Au } {gaﬁ} {A'BV} . (1.98)
En notacién matricial
g=A"gA. (1.99)

From eq. (1.98) we also have

gpu G = gpu Aau o ABV

60 =NgP AP, (1.100)
or
AN, = o1 (1.101)
Since
(ATH)" A, =6 (1.102)
the inverse of A is
(ATH" = A", (1.103)

or

(A", = A", (1.104)
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e Example: Lorentz invariance
a,bt — alub’“ =A,"a, A" ,bP
=A,"a, A", DP
:(A’l)yuA“pa,,bp
=0, a,b"

=a,b” .

19

Como un ejemplo de Transformacion de Lorentz considere un desplazamiento a lo largo del eje x

t t’/ \Za—f? CF)SE 19 sin.‘i{ 00 t
{29} = x|, x, N B I & coshé 0 0 T
Y Y Y 0 0 10 Y
z 2! 2 0 0 0 1 z
donde )
coshé = sinh & = v, and = .
§=1 §=uvy "= A
y, por ejemplo:
t+ox
tcosh& 4+ xsinh§ = ~v(t +vx) = .
El A#, definido en la ec. (1.105) satisface la condicién en ec. (?7),
coshf sinhé 0 0 1 0 0 0 cosh¢ sinh¢&
AT oA — sinh¢ coshé 0 0O -1 0 O sinh&  cosh &
g 0 0 10]lo 0 -1 0 0 0
0 0 0 1 0 0 0 -1 0 0
coshé —sinhé 0 0 cosh¢ sinh¢ 0 0
| sinh§ —cosh 0 0 sinhé coshé 0 0
- 0 0 -1 0 0 0 10
0 0 0 -1 0 0 0 1
cosh? € — sinh? ¢ coshsinh & — coshésinhé 0
| cosh&sinh§ — cosh {sinh ¢ sinh? ¢ — cosh? ¢
N 0 0
0 0

= {A" ) {2"},  (1.105)

0
-1
0

o= O O

(1.106)

(1.107)

_— o O O

0
0
0

~1

(1.108)
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Denotaremos los cuadrivectores con indices arriba como
a" = (a°,a*,a’ a*) = (a°,a) (1.109)
Entonces el correspondiente cuadrivector con indices abajo, usando la ec. (1.91), es
a, = (ap, a1, as,a3) = (a°, —a', —a®, —a*) = (a°, —a). (1.110)

Con esta notacion, el producto escalar de cuadrivectores puede expresarse como el producto escalar
de los dos vectores de cuatro componente a* y a,.

1.4.1 Ejemplos de cuadrivectores

ot =(2° 2t 2%, 2%) = (t, 3.y, 2) = (t,%) (1.111)
P =" "%, p*) = (E,ps,py,p:) = (E,p) (1.112)

De la relatividad especial tenemos que

E =ym
p =ymv. (1.113)
Por lo tanto, ya que v? = vZ = |v|?
E? —p? = ¥*m*(1 —v?) =m?. (1.114)

El invariante de Lorentz asociado a p* corresponde a la ecuacién de momento energia una vez se
identifica la masa de una particula con su cuadrimomentum

p? =pup" =m? = E? — p? (1.115)
De [?]

The intuitive understanding of this equation is that the energy of a particle is partially
due to its motion and partially due to the intrinsic energy of its mass. The application
to particle detectors is that if you know the mass of a particular particle, or if it’s going
so fast that its energy and momentum are both huge so that the mass can be roughly
ignored, then knowing the energy tells you the momentum and vice versa



1.4. NOTACION RELATIVISTA 21

Para p = 0, es decir cuando la particula estd en reposo se reduce a la famosa ecuacién E = mc?

(c=1)

Del electromagnetismo tenemos
= (J°,3) = (p,J) (1.116)
A" = (A%, A) = (6, A) (1.117)

Del célculo vectorial

oo 0 (0 0 0 9N_(0 9 0 D
" Ox,  \Ozy Oz, Oxy Oxy)  \ 020" Oxl’ 022 023

9_9 _ 90 _9
ot oxr’ Oy 0z

=(8, —V) = (8", -V) (1.118)
0 o 0 0 0
= == = = | = 1.11
On = <8t78x’8y’82) (%, V) (1.119)
Por consiguiente:
0
= — 1.120
V= (1.120)
Producto escalar:
a b = gab’ = a’t’ — a'b' — a*? — a®b* = a"b’ — a't) ="’ —a-b (1.121)
Entonces
da’
@La”: E—%Va (1122)

La ecuacién de continuidad d,J# = 0 es un invariante bajo transformaciones de Lorentz: GI’AJ’“ =
d,J* = 0 El operador cuadratico es, usando la ec. (1.90)

0=0,0"'=00"-V=— - —— - — — — (1.123)

Los operadores de energia y momentum de la mecanica cuantica también forman un cuadrivector
P = (p°,p) = (H,p) (1.124)
con H, y p dados en la ec. (1.75). Entonces

P =it =i(0°,0") = i(%,—V) (1.125)
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Las derivada covariante en la ec, (1.85) es en términos de componentes:

Dy =0y + 1A,

D; =0; — iqA; . (1.126)
Definiendo D de la misma forma que el gradiente, tenemos

D; =0; + iqA’

D =V +igA. (1.127)

Podemos definir el cuadrivector

i) (1.128)
donde hemos usado
Ademas A" tiene la transformacion gauge

En notacién de cuadrivectores

AP — A/M (AO 8X A + VX)
(AO aOX’ Az az )
() @)
AP — A = AR (1.131)
Note that the eq. (1.131) can be written as
Ay — A, = A, —0ux(x) (1.132)

which is just the transformation obtained in eq. (1.88).
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1.4.2 Lorentz tranformation for fields

The scalar field is defined by their properties under Lorentz transformation. In section 1.1.3 we
study the behavior of one scalar field under a space-time translation. Under a general Lorentz
transformation

ot — o = A Y (1.133)

Now we will study the effect of a Lorentz tranformation on the field ¢(x), for example under a boost.
By definition the scalar field does not change by the Lorentz transformation, the functional form is
unaltered the scalar field still satisfy

o(x) = ¢'() = ¢(x) . (1.134)
By using eq. (1.133) we have
¢'(2') = p(A1a') . (1.135)

Therefore, for an arbitrary space-time point we have that the scalar field transforms under a Lorentz
transformation as

d(x) = ¢ (x) = (A~ 'x). (1.136)

In order to check the Lorentz invariance of the scalar we need to obtain the Lorentz transformation
properties for d,. It is convinient to invert eq. (1.133)

(A_l)“ax'a :(A_l)uaAayx”
=oha”
=z, (1.137)
= (A 1) g (1.138)
or
1 VR
T (A7) P (1.139)
and the defintion of the Lorentz transformation itself:
g = (A" g (AT (1.140)

p
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From eq. (1.139) we can obtain the Lorentz transformation for 9, = 9/dxz*:

0 .
ox'" :(A ) HQxv
0, =(A"")" 0., (1.141)

The field A*(z) transforms simultaneously as field and as vector under Lorentz transformation

Ar(z) — AM(2) = A*, AV (A ). (1.142)

1.5 Vector field Lagrangian

We are now are in position to answer the following question: What is the most general Lagrangian
for a the four-components field A* compatible with Lorentz invariance and the gauge transformation

AP 5 AM = AP — Mx(x)? (1.143)
Definiendo

F = 9rA” — 9 A
GH = 9 A” 4 O A

El Lagrangiano que da lugar a una Accién invariante de Lorentz para el cuadrivector A* es, hasta
derivadas totales y potencias en los campos de hasta dimensién 4:

1 1 1
L=-— ZFWFW - ZGWGW —JrA, + §m2A"AM + MO A" () Ay (x) AM (x) + N AMALAYA,
+ NP (2) A () Ay () + MG (2)Au(2) AL, . (1.144)

e Ejercicio: Show that terms like 0" A”(x)0,A,(z), and hence F* F,,,, transforms as
MAY (A 'z) 0,4, (A ') (1.145)
Hint: use the Lorentz transformation properties of 9, in eq. (1.141).
In the case of JFA,:
JH(2)Au(x) = guJ" (2) A (2) =gu A, J° (A '2) A, A7 (A '2)
=N, g N o P (A 2) A7 (A ')
=G0’ (A '2) A7 (A ') | (1.146)
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in the case 0,A"(z)A,(z)A*(z):
0, A" (x)Au(x) A (x) = ' A () A (a) A () :(A_l)UVA”p&,AP (A™'z) A, (A 'z) A* (A1)
=0, 0, AP (A_la:) A, (A_laj) AF (A_lx)
=0,A? (A_lx) A, (A_lx) AH (A_lx) ,
(1.147)

and similarly for the other terms. Under a Lorentz transformation the full Lagrangian transform as
L(x) = L'(z) = LA ') (1.148)

Since the Action involves the integration over all the points, it is invariant under the Lorentz transfor-
mation. The J*(z) does not involves the introduction a new vector field, because it will be identified
later as the 4-current.

Terms like

K, A" (x)A,(x) A" (), (1.149)
(for K, constant) are not Lorentz invariant:
K, A" (2)A,(2) A (z) — K, A" (2) A’ (2) A" (2) =K, A", AP (A '2) A, (A 'z) A" (A™'z) . (1.150)

K, (x)A"(x)A,(x)A*(x) is Lorentz covariant but not gauge-invariant (see below).
Bajo la transformacién gauge (1.132)

Fr o F'™ =(r A" — 9 A™)
—QMAY = QMO X — AV 4 07Oy
—OMAY — QAP — O\ + 0Oy
o (1.151)

Si queremos que la Accion refleja las simetrias de las ecuaciones de Maxwell debemos mantener
sélo los términos del Lagrangiano para A" en (1.144) que sean invariantes hasta una derivada total.
Bajo una transformacion gauge, cada uno de los términos

1 1
_ZGWGW + imQA”A# + MO AFA A + N AP A AV A+ N FP AL A+ MG ALA + K (T) AV A AP

dan lugar a un 6L # 0,(algo) y la Accién no es invariante bajo la transformacién gauge. Para los
términos restantes

1
L= FE, — J'A (1.152)

e
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usando la ec. (1.166), tenemos

1 1
0L =L~ L= F"E, — J'A, + (F"E,, + J'A,

= — JFA, + T, 0(x) — JUA,

=0u(J*x) = (9,")0(2) (1.153)

For the action
35 = [ d0,(7") - (0,.17)8(x)
__ / d42(9,)0(x)
_ /d% /: dt(0,J")0(x) . (1.154)

In order to have 65 = 0 we need to assume for the while that d,J* = 0. However we will see that
this is just a self-consistent condition.

In summary, if the electromagnetic current is conserved, then the Lagrangian is invariant under
the gauge transformation (1.143). Note that the Lagrangian density is not locally gauge invariant.
However, the action (and hence the theory) is gauge invariant.

Por lo tanto, el Lagrangiano

1
L=~ F"E, — J'4, (1.155)

es el més general que da lugar a una Accién invariante de Lorentz e invariante gauge local.
The definition of F* already includes the homogeneous Maxwell equations. To see this we note
first that the only non-zero F'*¥ components are

FHO = F0 =
o= Y (1.156)
Frb = pml oy =

For v = 0 we have

Fi(] — azAO . aOAz
0A° DA
= ox; B 0xo
B 0A° QA
N _< or’ + 0:170)
= £ (1.157)
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where

0A

while for v = [ we have

le — amAl . alAm
- (513‘(57,“' - (5115m])81AJ
= (00 — OuBny) O A
= (01:0mj — 01j0mi) O A7

0A’
= (5li5mj - 5lj5mi)w
OA
= €lmk€z’jk%
= €lmk (V X A)k

= el B,
where
B=VxA.

Then we have

0 —E! —-E? —F?
E? 0 621333 '531232
E? €193B° 0 €301 B*
E3 €139B% €9 B! 0

0 —-E' —E? —FE3
E' 0 -—-B® B?

E? B3 0 -—-B!
E} —-B? B! 0

[P} =

From egs. (1.158), and (1.160)

VXE:—Vngb—ngA

ot
0B
ot’

27

(1.158)

(1.159)

(1.160)

(1.161)
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and
V-B=V.(VxA)
=0
which are just the homogeneous Maxwell equations. Therefore the expression
Fr = 9rAY — 0V A*. (1.162)

with the {F*} given in (1.161), is just an equivalent form for the homogeneous Maxwell equations.
The remaining Maxwell equations can be obtained from the Euler-Lagrange equations for A”:
Con miras a calcular las ecuaciones de Euler-Lagrange para el Lagrangiano en ec. (1.155), tenemos

FPF,, =(0PA” — 0° AP)(9,A, — 0, A,)
=0PA°0,A, — A0, A, — 0" APD,A, + 0° APD, A,
=097 (0aAp0,Ay — OnApls A, — 05A00,As + 05A00,A,).

Entonces
0
0(0,A )FPUF'”" :gpagaﬁ(dauéﬁvapAU + 00 Ap0pu0os — 0ap08u05Ap — OaApdoudpn
uiy
— 5@5&,,8,)140 — 05Aa5pu(sgy + 55M5ayagAp + 8/3Aa5gu(5py).
:gpugouapAa + g,uozgl/ﬁaaAB _ gpﬂgouaUAp _ guaguﬁaaAﬁ
— 9" g°"0,A, — g“ag”ﬁﬁgAa + g7 97" 0, A, + g”ag“ﬂagAa
=0l AY + QP AY — OV AP — OV AP — OV AF — OV AH + OHAY + OH AV
=4(0*AY — 9" A*)
0
90,4 )Fp”Fp0:4F“” (1.163)
iy

Usando la ec. (1.163), tenemos

=0

o [_0c ] _ o
“19(0,4,)] ~ 94,
9A

15 { 0 (F”"Fpa)} +JP=L =0

DA,
—0,F" + J8,, =0
O Fm = Jv. (1.164)
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Como era de esperarse una Accién invariante de Lorentz e invariante gauge local, expresada en
términos del Lagrangiano (1.155), da lugar a la Teoria Electromagnética.

Tomando la derivada con respecto a v en ambos lados tenemos
8,0, F" = 8,.J". (1.165)
De la parte izquierda de ésta ecuacién tenemos

0,0, F" = 3 (0,0,F" + 0,0,F")

= (8,0, F" + 0,0, F"")
L (0,0, F* + 0,0,F"") conmutando derivadas

(0,0, F" — 0,0,F")

intercambiando indices mudos

2
_1

2
=0,

usando antisimetria de F*

Por consiguiente, la cuadricorriente J* es conservada:

oJ" =0. (1.166)
Again, for v = 0, we have

0, F"0 = J°

O F* = J°

%Fz‘o _ o
gf: =J°, (1.167)

and therefore

V-E=p. (1.168)

while for v = k we have
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Ot = J*

O F™ + 0 F* = J*
_aiFki . 80F"’0 — Jk
_ﬁ(eiijj) B OEF

. =J*
ox? ot
0B} OFE*
ik — = J¥
“F T ot
OE*
(VxBF - =Jk. (1.169)
ot
and therefore
OE
B-—=1J. 1.1
V x 5 (1.170)
In this way the expression
O F" =J" where FH = orAY — 9" A, (1.171)

is completely equivalent to the full set of Maxwell equations:

0B

E
V.E=p, VxB—aa—t:J. (1.173)

1.5.1 Energia del campo electromagnético

Necesitamos la expresion para F),,,

Fi:Fy: 7,]'70]:—F10Z =0
Fow = 9up9un Frn = 0 0 Joogij . 5 para ' (1.174>
Fij = Fy = gingp ™ = FY para p1 =1

De la ec. (1.39), se tiene

oL
T = —=__(9,4,) — 6"L
v G(GMAA)( Y

= —F"N9,A)) — "L (1.175)
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La energfa del campo, corresponde a la componente 77

T) = —F(0yAy) — L
1
= —FP(00A) + P E + JMA,

Usando las ecuaciones (?7), (?7), (1.174)

1
Ty = —F™ (00 Ay) + 1 + JMA,
v=0 V=t

0, 1 0 1 i
= —F""(0pA,) + 1 FFFE, +Z FrE,,+J"A,

1 1,
= —F%9, Ay — F'Fuo + JF*Fy + JFWFat JFA,,.

Tenemos dos partes

p=0 pw=j
1 1 ) . 1 . 11— 11—/
—F"F, + Z—LF"OFMO + ZF’“ F.=—-F F+ ZFZOFiO +3 FY“Fy, +7 FI'Fy;
: 1 1 1.
= —F %+ - F°Fg+ ~F°F + ~F'"F;
4 4 4
1 1 .
= ——FOF+ —FI'F;
2 R

Ademas

—F%9,A0 + J"'A, = — 0, (Ao F™") + Apd F" + JM A,
= — 0 (AgF) — Ag0,F"° + JIA,
= — O, (AgF™) — Ay J° + JMA,
=~ 0i(AgF") —J-A.

31

(1.176)

(1.177)

(1.178)
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Entonces

1 1

T§ = ~0,(AgF") = SFFog+ V' Fyi 3 - A
= —0i(AgF") + %FiOFiO + iFjiFji —J-A, suma también sobre i, j
= %EzEZ + iﬁijkBkEilel + 0i(AgE") —J - A, suma también sobre 1, j
_ %EQ + %5lekBl LV (AE)—T-A
= %EZ+%B2+V-(AOE)—J-A (1.179)

Entonces, en ausencia de corrientes

1 1
H :§E2 + 5B2 + V- (A’E). (1.180)

Similarmente la densidad Lagrangiano puede escribirse como

1 1
L=—1F"Fu =3 (E* - B?) (1.181)

En vista a la ec. (1.176), ya que la densidad Lagrangiana estd definida hasta una derivada total,
como V - (A’E) = 9,(AgF*?), la densidad Hamiltoniana también estard definida hasta una derivada
total. De hecho, el Hamiltoniano es

1
H:—/d3x(E2+B2)+/d3xV-(AOE)
2 \%4 \%

1
:—/ d*z (E* + B?), (1.182)
2 Jv

y corresponde a la expresion conocida para la energia del campo electromagnético. Hemos usado el
hecho que en ausencia de corrientes todo lo que entra a un volumén debe salir y por consiguiente las
integrales sobre el volumen de la divergencia de cualquier vector es cero.

Similarmente el momentum total del campo, en ausencia de corrientes, corresponde al vector de
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Pointing:
oL
T = ;A
" a0,
=—F"9;A,

= — FY(9;A; — 0;A;) — FY 0, A,

= — FYF; — FY9, A,

=— FYFT — 9,(FY A;) + (0;F") A,

=Ele;y,BY + 0; (EJA) (J°)A4;

=—(ExB) — V- (AE) — pA’ (1.183)

En ausencia de cargas y corrientes

Pi:—/d%Tf:/d3x(ExB)i+/d3xv-(AiE)
1% \%4 \%
P:/d%(ExB). (1.184)
14

1.6 Scrodinger Equation in presence of the electromagnetic
field

Once we have established the set of fields, as in this case 1, ¥*, and A,, we should write the most
general Lagrangian. Therefore

1 ) 1
L0 0,00.0,0" 4) = 537 (D) Datp = 5 [ Do — (Do) o] + 4"V (@)p = 7 Fry = T A,

)

(1.185)

If we further assume that all interactions are obtained from the covariant derivative, then we
need only consider the free Lagrangian of each field, but with the normal derivative replaced by the
covariant one:

L0600, B, A) = 5= 3 (D) Db — L[ Dogp — (D) ] = 1B (L186)

(2
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The expansion of the Lagrangian in terms of the field ¥, ¥*, and A, is

1

i

— L (@ g Ag) — @+ igAg) ] — TP B
1

1 .
=g 2 O —iadi) (0 + i Aw) - 07 (@ + igAow) — (00" — igAgt") ] — 1 F™ F

1

— O+ i Avt — (@00 + iAot 0] — S E
—% Z (311/1* i — iqp* A0 + 1qOnbT A + Q2A1Ai¢*¢)

0

1Bt — (B0 + gt Agt] — TP F (1.187)

4

By using the sum convention upon repeated indices we have

1 . | | |
L=~ (00" — iqu* A0 + iqdn)* A + > A; A™)

Zm

1
F*™F,,. (1.188)

— 5 [ 0w — (B0 + 2iqy" A — 1

From this we can obtain the Euler-Lagrange equation for each field.
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1.6.1 Euler-Lagrange equation for "

In particular for ¥* we have

0

5 [ oc oL
o)~ -

oL oL oL
% {a@ow*)} o {a@iw*)} "oy

) 1 4 . 1 . .
%&ﬂb — 5,0 (0% +igA'Y] — 5 (—iqAid"p + ¢* A A'D) (G0t + 2z’qu¢)] =0

i
2
100t — qAgY — % [0; (0" +iqA™p) +iqA; (0" +igA'p)] =0

10y + igAg)) — %(@ +igA) (97 + igAi) =0

_ 1

If we define
D=V —igA. (1.190)
we have in components:
D, = 0; — igA’
D, =0, + iqA; . (1.191)

Then we have the new wave equation:

1
1Dytp = — —D - D
2m

1
iDotp = — — D1, (1.192)
2m

que corresponde a la ecuacién de Scrodinger con la derivada normal reemplazada por la derivada
covariante.
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Expandiendo esta ecuacién tenemos

= 5B~ qA)¥. (1.193)

In this way, the Scrédinger equation in presence of the electromagnetic field, can be obtained from
the original Scrodinger equation but with the minimum substitution:

H —H —q¢ P—P—dA. (1.194)

De la ecuacién (1.193) podemos obtener la ecuacién de Schodinger en presencia de un campo
electromagnético

0 L, 2
i = %(—ZV—QA) +qAo| V. (1.195)

Para que la mecédnica cuantica sea consistente con las ecuaciones de Maxwell es necesario que las
transformaciones gauge (1.86) de los potenciales de Maxwell estén acompanados por una transfor-
macién de la funcién de onda, v — ¢’, donde 1’ satisface la ecuacion

1

DY = — D%y

2m
z@w’— i(—N— AN 4 qA | o (1.196)
ot~ |2m q 4o ' '

Como la forma de la ecuacién (1.196) es exactamente la misma que la forma de (1.195) entonces
ambas describen la misma fisica. Se dice que la ec. (1.195) es covariante gauge, lo que significa que
mantiene la misma forma bajo una transformacién gauge.
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e Ejemplo:
Demuestre que la ec. (1.196) es covariante:
Como
= = ey (1.197)

Entonces

— i(V9)€i9($)¢ + ei&(m)v¢ _ iquiO(x)¢ . z’(V@)ew(“’w

= @V —igA)y

= (DY) (1.198)
y

D/Qw/ _ D/(D,¢,)
= [(V —iqgA) — iV 0] @ (Dy)
= i(V0)e? @ (Dy) 4 @OV (D) — igAe?® (Dep) — iV @) (Dr))
= "D(V —igA)(Dy)

= @) (D) (1.199)
De la misma manera
Dy = @) (DOy) (1.200)
De modo que .
Diap — DMy = @) (DHyp) (1.201)

y la derivada covariante del campo transforma como el campo. Tenemos entonces que

L e

_D/ /

2m 4

iele(w)DOQ/J — _2_ez€(x)D2¢
m

1
iD% = ——— DY (1.202)
2m

DY = —

En resumen, para
D = 0* + iqgA* (1.203)
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y reemplazando 8 — ¢f tenemos
AP — AF = AP — M0 (x)

¢ — ¢/ — eiqe(l‘)w
Dip — DMy = /9@ (DHyp) (1.204)
En esta convencion ¢ corresponde al generador de la transformacion y € al pardmetro de la transfor-

macion.

1.6.2 Euler-Lagrange equation for A"

Para el campo A, tenemos

oL ]— ok _y. (1.205)

0
g {8(8,“41,) A,
Usando el Lagrangiano en (1.187) y el resultado de (1.164) tenemos

oL
_ vy _ —
aﬂ( F ) aAV 0
que da lugar a dos conjuntos de ecuaciones, una para A°
: oL
iy L 22

Ou(F1) + oA, 0
0u(F"7) = 5—lig(0"")ib — iqu™(9') + 2¢° A""y] =0

0u(F*) = L0y — 4 (9') — 2igy*y AT =0

(™) — L34y — g — 47(0'0) — iqu AT =0

0u(F1) — S {[(0F — iAo — v* (9 + ig A0} =0
0,(F) — S (DR — D] =0, (1.200)
y otra para A°
0 (F*) + g—fo =0

Ou(F*) + q*y =0
(1.207)
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Entonces
0, F" = j5¥
con
Jv = :qu w ) P X (1.208)
(DY) — D] v =i

Que incluye el término corriente para una particula cargada y es diferente de la corriente de proba-
bilidad en ec. (1.57). En otras palabras es la carga eléctrica la que se converva localmente.

1.6.3 Conserved currents

The 4-current can be obtained directly from the Noether’s Theorem:

oL oL
Tt =225+ 0
D0 Y+ 01 ERE
oL * 0L —
_ {@W +ov g7 H7 0 (1.209)
oV F Vg p=i

JO = = S0 (iaf) — ighu* S

=q0V" (1.210)
o1
J' =5 (05— iqAi) ¥7ig0y — igfy” (0; + g As) ¥
i 199 Doy — o (D)
J' =5 (D) v =y (D)) - (1.211)

When 6 is fixed to 1 as in ec. (1.57) to define the probability, we get eq. (1.465).
It is worth to notice that for T¢, and T} we should obtain
~ 0

H=in —q0 P=—iV —¢A. (1.212)
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1.7 Gauge Transformation Group

e Ejemplo:
Muestre que los campos electromagnéticos son invariantes bajo las siguientes transformaciones
/ : Ix

A—-A=A+Vy ¢—>¢:¢—E (1.213)

Ya que

0 0A 0
E—-E=-V —Vxy———-=—Vx=E 1.214
I TAL S T A (1.214)
B—-B =VxA+VxVy=B (1.215)
0

Esto implica que diferentes observadores en diferentes puntos del espacio, usando diferentes
calibraciones para sus medidas, obtienen los mismos campos. Las ecs. (1.213), corresponden a
transformaciones gauge locales

En notacién de cuadrivectores
Al — AT =AF — OFy (1.216)
Sea U un elemento del Grupo de Transformaciones U(1):

U= cu(1) (1.217)

El Grupo estd definido por el conjunto infinito de elementos U; = €#). Entonces

e Producto de Grupo
Uy - Uy = @) +0(z2)] = if(ws) o U(1)

e Identidad:
O(z) =0 tal que Ur=1

e Inverso
0(—z) = —0(x) tal que -1 — o—i0@)

Note que si

A 5 AP = U AU + é(a“U)Ul (1.218)
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y si 0 es suficientemente pequeno
U =e"® ~1+i0(x)+ 06 U™t =e @ 1 —if(z) + O?) (1.219)
Entonces
‘
q
1
=A" — —9M0(z) + O(6?) (1.220)
q

A =[1+i0(z) + O] A*[1 — if(z) + O(62)] + —(i0"8(x))[1 + i6(x) + OB2)][1 — i6(x) + O(6%)]

which is just the eq. (1.86)

1.8 Proca Equation

Consideraremos ahora el efecto de adicionar un término de masa a la teoria de Maxwell. Los campos
vectoriales masivos juegan un papel importante en fisica. Campos como W*#, Z* que median las
interacciones débiles son ejemplos de campos de este tipo. Las implicaciones de una masa finita para
el fotén pueden inferirse de un conjunto de postulados que hacen de las ecuaciones de Proca la tinica
generalizacién posible de las ecuaciones de Maxwell [7].

Teniendo en cuenta sélo el término de masa en la ec. (1.155)

1 1
L= F"Fy+ omAMA, — J' A, (1.221)

Usando las ecuaciones de Euler-Lagrange, tenemos
1 0 o (1
—20, | =—=——=F""F, | — —— [ =m?4PA, — J’A,) =0
4 [a@A» } 0A, (2’” ' )
0, F" +m?A” = J". (1.222)
Tomando la cuadridivergencia a ambos lados de la ecuacién y usando la ec. (??), tenemos
0,0,0"' A" — 0,0"0, A" + m20,A" = 0,J"
9,0,0"A” — 9,0"9, A" +m*9,A" = 9,J"
m*0,A” = 9,J" (1.223)
De este modo, en ausencia de corrientes, la ecuaciones de Proca dan lugar a la condiciéon de Lorentz.

De otro lado, si asumimos que la corriente se conserva, la condicion de Lorentz también aparece. Por
consiguiente, si la masa de campo vectorial es diferente de cero, la condicién de Lorentz, ec. (?77?),
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emerge como una restricciéon adicional que debe ser siempre tomada en cuenta. De este modo la
libertad gauge de las ecuaciones de Maxwell se pierde completamente en la ecuaciones de Proca, que
sin perdida de generalidad se pueden reescribir, usando 0,A* = 0 y las ec. (1.222), como:

O™ +m2AY = J”
00" AY — 9,0" AF + mPAY = J”
(O+m*)A” =J" (1.224)

donde [J esta definido en la ec. (1.123). En ausencia de corrientes, cada una de las componentes del
campo vectorial satisface la ecuaciéon de Klein-Gordon (??). Por consiguiente m corresponde a la
masa del campo vectorial A*.

Aplicando la condicién de Lorentz a la ec. (1.221), obtenemos el Lagrangiano de la Ecuacién de
Proca (1.224)

1. 1
L= JF"E, + m’AMA, = J'A,
1 1
= = (OO, + O ADA, — D ADA, — P ADA) + omPARA, — TN,

:%a#A“aﬂAy - %mQA”A,, LA, (1.225)

donde hemos reabsorbido un signo global que no afecta las ecuaciones de movimiento. El primer
término que incluye so6lo derivadas de los campos es llamado término cinético y dependen sélo del
espin de las particulas. El término cuadratico en los campos corresponde al término de masa, y el
ultimo corresponde a la interaccion del campo con una corriente. Cuando un Lagrangiano contiene
s6lo términos cinéticos y de masa diremos que el campo que da lugar al Lagrangiano es libre de
interacciones, o simplemente que es un campo libre. Las otras partes del Lagrangiano seran llamadas
Lagrangiano de Interaccion. De este modo podemos reescribir el Lagrangiano (1.225) como

L= Efree + »Cinta
donde,

1 1
Ltree = 58“14”8“14” — §m2A”AV
Ling = J"A,. (1.226)
Debido a que la teoria masiva ya no es invariante gauge, la condiciéon de Lorentz aparece au-
tomdaticamente como la tnica restriccion apropiada sobre el campo vectorial.

Una vez se toma en cuenta la condicion de Lorentz el campo masivo libre puede expandirse en
ondas planas con tres grados de libertad independientes de polarizacién. Dos de estos corresponden
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a los dos estados transversos que aparecen en las ondas electromagnéticas (A', A?), y el tercero (A3)
corresponde a un estado longitudinal en la direccién del momento de la particula [?].

Aunque hemos hecho el andlisis de la ecuacion de Proca permitiendo un término de masa para
el fotén, las implicaciones experimentales de una teoria de este tipo dan lugar a restricciones muy
fuertes sobre la masa del fotén[?]. El limite actual sobre la masa del fotén es m < 6 x 10717eV
(1.1 x 107°2Kg) [?]. Debido al principio gauge local, desde el punto tedrico se espera que la masa del
foton sea exactamente cero. En general, los campos vectoriales puede ser generados a partir de otras
cargas no electromagnéticas y pueden ser masivos. El reto durante varias décadas fue entender como
las masa de los campos vectoriales de la interaccién débil podria hacerse compatible con el principio
gauge local.

1.9 Klein-Gordon Equation

De la componente escalar de la ecuacién de Proca, (1.225), obtenemos la ecuacién de Klein—Gordon
para un campo escalar real ¢ = A°

L :%8%58,@ - %m%f + po (1.227)

Donde p es la densidad de carga que actua como fuente del campo ¢. El Lagrangiano mas general
posible que cuya accién sea invariante de Lorentz, para el campo escalar real ¢(z) es

£ =30"60,0 — 5’6" —V(9), (1.228)

donde V' (¢) es alguna funcién de ¢ con operadores de dimensién menor o igual a 4. Para demostrar
la invarianza de Lorentz.
The kinetic part of Klein-Gordon Lagrangian transforms as

o ()0"p(x) —g"0",¢ (2)0",¢' (x)
— [ 1Y, 000 (710)] [0, 000 (710
(A1), (A7), 9,0 (1) 06 (47 12)
=g770,¢ (A_lx) o0 (A_la:)

=0,0 (A 'z) 09 (A'z) . (1.229)
Since ¢(x) — ¢/(x) = ¢ (A~'x), under a Lorentz transformation the full Lagrangian transform as
L(x) = L'(x) = LA ') (1.230)

Since the Action involves the integration over all the points, it is invariant under the Lorentz trans-
formation.
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e Ejercicio Demuestre que un término

o(x)a"0,¢(z) . (1.231)

con a* constante, no es invariante de Lorentz, de modo que en efecto, el Lagrangiano en de
Klein-Gordon en (1.228) es el més general posible (hasta términos de interccién en ¢(z).)

El campo ¢ puede pensarse como proveniente de una fuente de la misma manera como el campo
electromagnético surge de particulas cargadas. Como en el caso del electromagnetismo, en esta
seccién podemos considerar los campos sin preocuparnos de las fuentes. En tal caso tendremos una
teoria en la cual el campo escalar juega el papel de particula mediadora de la interaccion.

Si el campo escalar se generaliza para que pueda tener otros nimeros cuanticos, como carga
eléctrica, entonces estos pueden ser las fuentes de las respectivas cargas y corrientes en la ecuaciones
para campos vectoriales. Esto se estudiard en la seccién 77. En tal caso podriamos tener por ejemplo
“atomos” formados de particulas escalares que se excitan emitiendo fotones.

La ecuaciones de Euler-Lagrange para V(¢) = —p¢ dan lugar a:

(O +m?*)p=p.

82
(@ - Vi+ m2) d=p. (1.232)

Con el cuadrivector (1.125) podemos construir la siguiente ecuacién
P = m*¢
i0,i0" ¢ = m*¢
—0,0" = m*¢

2
(% -Vi+ m2) ¢ =0. (1.233)

Que corresponde a la ecuacién de Klein-Gordon (?7?). Una expresion escrita en términos de productos
escalares de Lorentz se dice que esta en forma covariante.
De acuerdo a la ec. (1.226), tenemos

1 1

‘Cfree = Eauqb@“gb - §m2¢2

Lins = pb (1.234)
oL

TH =—=_9,6 — 6"L, 1.235
* 00,0 (125)
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T =0°¢p0s — L
=m(1)0op(z) — L
1

1 - 1
=000 — §3o¢30¢ — 53@3% =+ §m2¢2

:% (ao(pa% + Z aiqba,-d)) + %de)z

1| [9¢\° o 1 4,
donde
() =—25
T 00/0t)
_9¢
=5 (1.237)
La densidad de momentum es
oL
T) =———0
©0(0h9)
T =0°¢0;¢
¢
0 —_—
T = Vo. (1.238)

1.9.1 Complex scalars

En la seccién anterior se trabajo con un campo escalar real que sélo podria describir un pion neutro.
Para describir piones cargados debemos construir un campo escalar complejo. En mecanica cuantica
la funcién de onda compleja puede describir parcialmente a un electréon cargado. Sin embargo la
funcién de onda del electrén también debe ser generalizada para poder dar cuenta del espin. Esto
corresponde al funcién de onda de la ecuacién de Dirac en la seccién ?77.

De hecho, algunas consecuencias fisicas interesantes surgen si consideramos un sistema de dos
campos escalares reales, ¢1 y ¢o, que tengan la misma masa m. Entonces

L= S0°61001 — 5G] 5[0 6a0,60 — TG (1.239)
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Si definimos

:¢1 +i¢y

o 7 then (1.240)
o =2 \_/§Z¢2’ and (1.241)

V26 =(¢1 + ids)
V2¢* =(¢1 — i¢ha). Therefore
V2(p+¢") =201
V2(¢ — ¢*) =2i¢.  Then

¢ =¢j;§¢* (1.242)
o3 =¢\;§Z)*. (1.243)

Reemplazando la ecuaciones (1.242) y (1.243) en la ec. (1.239), tenemos

£ =106+ )96+ ) — gm0+ 6°))
P06 ~ 60,00 — 67) — 26— &'V
= 110460,0 + 0°6°0,0° + 200" 0,0 — (8 + 67%) + 20°)
— 200,64 60,6 — 206'0,6 — m* (& + 6°%) — 26°¢)

_i[w%* b — 4mPp* )
L =0"$*0, — m*¢* ¢ (1.244)

De la ec. (1.18) de la seccién 77,
De las ecuaciones de Euler-Lagrange para ¢*, usando el Lagrangiano en ec. (1.244)

9 [ oL }_ oL _
" 100 | 0o
00" +m*p =0

(O+m?)¢ =0, (1.245)

0
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y de la ecuaciones de Euler-Lagrange para ¢,
(O +m?*)¢* = 0. (1.246)

De este modo tanto ¢, como ¢*, satisfacen la ecuacion de Klein-Gordon. Cada campo ademas
corresponde a una particula de masa m como en el caso de ¢1 y ¢o

Estamos ahora interesado en las simetrias internas del Lagrangiano. Entonces la corriente con-
servada puede definida en la seccién 77, eq. (1.20)

oL oL
T =55+ b
50,0 T 30,0
T =l 6 + 66 0. (1.247)

Ademads de la invarianza de Lorentz, el Lagrangiano en ec, (1.244) también es invariante bajo el
grupo de transformaciones U(1) definido en las seccién ??, pero con una fase constante

U=¢"~1+i6.

Entonces
6L o = e~ (141i0)0
= ¢+ 10¢. (1.248)
Entonces,
0p =ib¢ (1.249)
0¢* = —16¢™. (1.250)
Reemplazando en ec. (1.247)
JH o —if(p0" o™ — ¢ 0" ), (1.251)
’ ¢ o¢
_ 70 s e d
p=J x—if(¢ o ¢ T ). (1.252)
Definimos J* como
JH =i(¢" 0! — ¢ 9", (1.253)

Como p puede ser negativo no puede interpretarse como una probalidad, como se hizo con la funcién
de onda de la ecuacién de Scrodinger. Esto presenté un obstaculo en la interpretacion inicial de la
ecuacion de Klein-Gordon. Sin embargo una vez se cuantiza el campo escalar la probabilidad de los
estados cudnticos queda bien definida [?].
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1.10 Lorentz transformation of the fields

Note again, that a term like

¢"(z)a"0,9(x), (1.254)

does not left the Action invariant. To have a proper formulation of the quantum mechanics through
the general equation

.0 ~
imth = Hy, (1.255)

with some, to be determined, relativistic Hamiltonian operator H , we should be able to build a
Lagrangian with temporal derivatives of order one. Therefore, the Lorentz invariant requires all the
derivatives of order one.

Consider spinor fields, which transforms as

Vo(x) = W (1) = Sep(A) Uy (A1), (1.256)

where S(A) is some spinorial representation of the Lorentz Group. We will check in next section if
a Action with a term like

Va () ag,0uty(x) (1.257)

could be invariant under Lorentz transformations, for some internal representation of the Lorentz
Group.
In summary we have the following Lorentz’s transformation properties for the fields

d(x) = ¢'(2') =p(x) Scalar field,
Ab(z) — A" =AF, AV (A ) Vector field,
Y(x) = Y (1) =S(A)(A ') Spinor field. (1.258)

1.11 Dirac’s Action

The Scrodinger equation can be written as

0 )
9 _n _
i = Hst), (1.259)
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where

~

Hg = (1.260)
In order to have a well defined probabilty in relativistic quantum mechanics it is necessary that
Lagrangian be linear in the time derivative, in order to obtain the general Sccédinger equation:
2 W = Hi (1.261)
otm '

like the Scrodinger Lagrangian. However, this automatically imply that the Lagrangian will be also
linear in the spacial derivatives. A pure scalar field cannot involve a Lorentz invariant term of only
first derivatives (see eq. (1.254)). Therefore the proposed field must have some internal structure
associated with some representation of the Lorentz Group. Therefore we build the Lagrangian for a
field of several components

(0
b = @0:2 (1.262)
{1
1.11.1 Lorentz transformation

If the field is to describe the electron. it must have spin and in this way it must transform under
some spin representation of the Lorentz Group

Y(z) = ¢'(z) = SN (A ') . (1.263)

One possible invariant could be the term (x)y(z). However, under a Lorentz transformation we
should have ¥TSTS. As we cannot assume that S(A) is unitary, the solution is to define the adjoint
spinor

=T, (1.264)
which transforms as
(z) = "N (2)b = ¥ (A1z) ST(A)D, (1.265)

and,

b(@)(x) = & ()¢ (x) = ! (A2) ST(A)BS(A)y (A~ z) (1.266)
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The condition that must be fulfilled for Lorentz invariance of the Action is
ST(A)DS(A) =b, (1.267)

and therefore,

— —

d(@)(x) = ¢ (2)¢'(x) = ¢ (A '2) o (A7) | (1.268)
and:
G(x) > P (x) = ' (A'2) bSH(A)
=1 (A'z) S7TH(A). (1.269)

A Action with a Lagrangian term linear in the derivatives, could be Lorentz invariant if, taking
into account:

P(@)V O () = P (w9 (2) = Y, (A1) S (M) (AT)” 0pSea(A)tha (A )
=) (A ') (A_l)pu (STHA)YS(A)) 9,0 (A ')
= () (), (1.270)

if the following condition is satisfied:
STHA)YS(A) = A q° . (1.271)
the most general Lagrangian for this field is
L = ipy" b — mpip (1.272)

Where the coefficients have been already fixed by convenience. Since the Action is real, it is convenient
to rewrite this as

L= iy O — miy
= 20, ({"0) + {070, — i
= —%(&@)7’% - %Ew“é‘m + iy O — maip

_ %%uaw — (OB — Y. (1.273)
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Para que este nuevo Lagrangiano sea real se requiere que,

b =10
V=1
byb = (1.274)

ya que

SO — S0, b¢> — myby

VTP 08,0 — —au?/JTbQW ¢) — by

DO | .

e
¢
(e

- (51#% ;ﬂb - %@ﬂﬁ%ﬂﬂ) - ml/_iw

Dby b, — %@wb’ylbw) — m)

L\:>|~

1.11.2 Corriente conservada y Lagrangiano de Dirac

De la ec. (77)
o | oL —| oL
7= [8<aow>} oo [a(a@)]

El Lagrangiano es invariante bajo transformaciones de fase globales, U(1)

=Y = e ) —iaa), (1.276)
de modo que
0 = —iaa. (1.277)
Por consiguiente
J? = apy%y (1.278)

Para que J° pueda interpretarse como una densidad de probabilidad, se debe cumplir

W =1 (1.279)
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La densidad de corriente es
JO oc pTy

Que podemos interpretar como una densidad de probabilidad.
De la ec. (1.279), ya que la inversa de es tnica:

b=+"
1 se define como la adjunta de
P =1l
It is convenient at this point to summarize the properties for 7°:
7T = (+°)" =1 701y =
SHA)S(A) =
En general

oL
0 (0,)

oL -
e [a@m)} o+ oy

o< iy (—ian))
o< iy (—ian))
= |y

JH = TPTb’Y“dJ )
1.11.3 Tensor momento-energia

oL oL
— 0, 9] - L
9 (Do) htp + 0¢

0 (0ot))
= i)y 00 — L
= —i)y' O + myy,
= (v -p+m)y,
=91 (v p+m)e,
=T Hy,

Ty =

(1.280)

(1.281)

(1.282)

(1.283)

(1.284)

(1.285)

(1.286)
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donde

A

H=+"v-p+m) (1.287)

la ecuacion de Scrondinger de validez general es entonces:

0 ~
zaz/z = Hy (1.288)
y, como en mecanica clésica usual
(H) = / WY d. (1.289)
Ademas
oL - 0L
T) = ———0a) + 0t) —r——
5 M T 00)
= i)y 0
— g (=0 (1.290)
de modo que
(p) = /wadg:c (1.291)

1.11.4 Ecuaciones de Euler-Lagrange

Queremos que el Lagrangiano de lugar a la ecuacién de Scrondinger de validez general
9 = Hip (1.292)
71— _= .
ot

con el Hamiltoniano dado en la ec. (1.289), que corresponde a un Lagrangiano de sélo derivadas de
primer orden y covariante, en lugar del Hamiltoniano para el caso no relativista.

De hecho, aplicando las ecuaciones de Euler-Lagrange para el campo v al Lagrangiano en ec. (77)
,tenemos

oL | oL _
"o @.0) | o
oL

ap

iyt —map = 0. (1.293)
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Expandiendo
i’ 00t + iy O — map = 0
i) — v+ (=iV )Y —myp =0,
de donde 5
i’V"Qaw =y - p+m). (1.294)
tenemos que
(%) = 1. (1.295)
De la ec. (1.287)
H=7"(v-p+m), (1.296)

A este punto, sélo nos queda por determinar los parametros ~v*.
La ec. (1.292) puede escribirse como

0 N
— — H = 0. 1.297
(i) (1.207)
El campo 1 también debe satisfacer la ecuacion de Klein-Gordon. Podemos derivar dicha ecuacién

aplicando el operador
0 N
=
(=5)

De modo que, teniendo en cuenta que OH /ot =0,

0 - 0 -
(_Z_at —H) (Z—at —H>1/1:0

DN (O 4\
<—2—8t—H> <z—at—H¢)—0

: N TN S

2 .
(ﬁ + H2> Y =0. (1.298)
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De la ec. (1.296), y usando la condicién en ec. (1.295), tenemos

H? = (v - P+ 0m)(y - P +70m)

= (7 - P) (Y - P) + M0y - PYo + Mgy - p 4+ m? (1.299)
Sea
B=7"
o =py'
7 = pa’ (1.300)

A

H? = (a-p)(a-p) +ma-pf+mpa-p+m?
= (a-p)(a - p) +m(af + fa) - p +m? (1.301)

Sea A una matriz y 6 en un escalar. Entonces tenemos la identidad

(A-0)> =" A%0" 4 {4 AT} o' (1.302)

1<j
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e Demostracién

(A-O)s =D > A0
LY
Sy

Y

ij
=D D 00AL A
vt

- (Z 0 A+ YOO A A+ S eieanvAig)
o 7

1<J 1>7

-3 (St s Y0
o 7

1<j j>1

vy 1<J

=X 0 (ATAY), , + > 00 {AT AT}

1<j

= 1> 07A7 > 0 (AT A7)

1<J

af

Entonces

2 =02t + Y {05} pipy + mlof + Bog)p; + m?

i<j
(suma sobre indices repetidos). Si
oz? =1
{ah aj} =0 { 7& j
Oéiﬁ + ﬁai =0

H? = -V? +m?

-3 [Z@” AL 00 (AL A AL A

Az;wAzﬁ)

(1.303)

(1.304)

(1.305)
(1.306)

y reemplazando en la ec. (1.298) llegamos a la ecuacién de Klein-Gordon para 1

(8—2—V2—|—m2)¢:0

ot
(O+m?*) =0

(1.307)
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En términos de las matrices v* las condiciones en ec. (1.305) son
2
(") =1
)2 0404 )2 )2
(@) =129 == () =1=(v) = -1
Y+ = {7’} =0
De modo que
{of,a/} =" +9097" =0 i #]
=7 =y =0 i
TV Y =00 iF
{(V\ A} =0 i#j
Las ecuaciones (1.308)(1.309) pueden escribirse como
{77 ="+ = 291
donde
="

Ademas, de la ec. (1.283)

PoAHIA® = .

57

(1.308)

(1.309)

(1.310)

(1.311)

(1.312)

Cualquier conjunto de matrices que satisfagan el algebra en ec. (1.310) y la condicién en ec. (1.312),

se conocen como matrices de Dirac. A 1 se le llama espinor de Dirac.

En términos de la matrices v*, el Lagrangiano de Dirac y la ecuacién de Dirac, son respectivamente

de las ecs. (?7) y (77)
L= QZ (9" 0y —m) P,
iy O —map = 0,
donde

¥ =9l

1.11.5 Propiedades de las matrices de Dirac

De la ec. (1.312)

of 0
7/fr _ 7071170 = . 02 i i o
V= = =

(1.313)
(1.314)

(1.315)

(1.316)
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Definiendo
V5 = 101723 (1.317)

entonces,

7 = — YN2Y30071027s
V2 =+ NN
Ve =+ N1V
V= — 237278

7§ =72727373
v: =1. (1.318)

7: =1, (1.319)

Teniendo en cuenta que vi x 1 y conmuta con las demés matrices, tenemos por ejemplo

V53 =V0V17273 = V3i0M1Y2 = —3i%71Y2Y3 = —V37s

Ve = — 10NV = — V%M = — 2%V = — V275

VYL =077 = 11100273 = — i) = — N5

V50 =i0717273% = —0111Y2 Y3 = —0Ys5 - (1.320)

De modo que
{Vu, 15} = 0. (1.321)

Expandiendo el anticonmutador tenemos

T Vs = V5V
V5V Vs = =V
Tr (v57.75) = — Tr,

Tr (95757) = — Tr,
Trry, = —Tr,, (1.322)

y por consiguiente

Try, = 0. (1.323)

De otro lado, si
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para alguna matriz unitaria U, entonces 7, corresponde a otra representacion de algebra de Dirac
en ec. (1.310), ya que

{3,5"} = {Uy"U", Uy"U"}
=U {7} U
= 2¢"UUT
= 2¢9"1. (1.325)

Claramente, la condicién en ec. (1.312) se mantiene para la nueva representacién. Como 7y, es
hermitica, siempre es posible escoger una representacién tal que vy = UvoU' sea diagonal. Como
72 = 1, sus entradas en la diagonal deben ser +1, y como Tr7, = 0, debe existir igual ntimero de
+1 que de —1. Por lo tanto la dimensién de o (y de v,) debe ser par: 2,4,.... Para un fermion sin
masa

L = i)'y 00 + ih 'y 0ip = ipt oy + i’ 0, (1.326)

solo se requieren tres matrices 2 x 2 que satisfacen
{a',/} =267, (1.327)
y por lo tanto pueden identificarse con las tres matrices de Pauli. Como en general tenemos 4 matrices

independientes, su dimensién minima debe ser 4.

Como 7' = 7090 = 7” = —~', podemos definir la representacién de paridad

7 = A= —+, para U =9° (1.328)

1.11.6 Lorentz Group

We must build a representation of the Lorentz Group in the Dirac space of n dimensions. First, let
us consider a simpler group, corresponding to the rotation group in tree dimensions. The generators
are the angular momentum operators J*, which satisfy the commutation relations

[J', J] = ie* J* (1.329)

The Pauli matrices are set of matrices satisfying this commutation relations:

Tt I Tk
{57 E} —ien (1.330)



60 CHAPTER 1. CLASSICAL FIELD THEORY

T = (2 (1]) T = (S _OZ) T = (é _01) (1.331)

dividas por dos, corresponden a los generadores del Grupo. Las constantes de estructura del Grupo
corresponden a €;j;. Como los generadores no conmutan, SU(2) es un Grupo de Lie no Abeliano.
Definiendo los generadores de SU(2) como

donde 7°

Ti = % (1.332)

un elemento del Grupo puede escribirse como
i . Ti
U=eT%x~144iT;, =1+ i0:. (1.333)
Como antes, 0; es el parametro de la transformacion.

Las matrices de Pauli y por consiguiente 7T; satisfacen

_'.

Tr(r;) = 0 (1.334)
Ademés
det (’7}) =-1
{Ti,Tj} = 251] = Tiz =1
Tr (t'77) = 269
TiT; = iEijka + 5@' (1335)
In [9]:

It is generally true that one can find matrix representations of a continuous group by
finding matrix representations of the generators of the group (which must satisfy the
proper commutation relations), then exponentiating these infinitesimal representations.

For our present problem, we need to know the commutation relations of the generators of
the group of Lorentz transformations. For the rotation group, one can work the commu-
tation relations by writing the generators as differential operators; from the expression

J=xxp=xx(=iV), (1.336)

the angular momentum commutation relations (1.329) follow straightforwardly.
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The last equation can be written as (summation of repeated indices)

Jk = [X X (—ZV)]k = — z'el-jk:ci(?j = ieijkxiaj (1337)

Jlm = Clmkjk :Z'kaEijkl’iaj
:i(éliémj — (5lj(5mi)l’i@j
—i(z'0m — 2™ . (1.338)

Involving three generators. The generalization to four-dimensions give to arise three further genera-
tors JO%:

JH =iq(zh0” — x"0") . (1.339)
The six generators J*” satisfy the algebra
[JH TP =i(g"P JHT — gMP Jv — g" TP + gH? JVP) . (1.340)
From [9]:
Any matrices that are to represent this algebra must obey these same commutation rules.

The exponentiation of the generators give to arise to group elements

JH
A =exp (—z’w;“,?) (1.341)
To find a representation of the usual boosts and rotations, consider a boost
t t’/ ja—f—f; cgsh& sinhé 0 0 t
P x:%:smhﬁcoshfoo 3 y
z 2 P 0 0 01 z
Since
cosh & :i & ~1+4+0(8)
— 2n/!
e €2n+1

sinh & =) s E+0(8Y), (1.343)
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one infinitesimal boost along x is

1 €00
&1 00
p ~
{A V}az—boost ~ 0010 (1344>
0001
Similarly a rotation by an infinitesimal angle § = 65 along zy—plane (or about the z—axis)
1 0 00
0O 1 60
H ~
{A V}xy—rotation ~ 0 -6 1 0 (1345)
0 0 01
In general we define the six independent Lorentz—Group parameters:
woi = —wio =&;
W12 = —W21 593 W39 = —Wog = — 92 W13 = —W31 591 . (1346)
The 4 x 4 matrices
(J’“’)aﬁ =1 (0"0"5 — 0"30"4) | (1.347)

where p and v label which of the six matrices we want, while o and § label components of the
matrices. These matrices satisfy the commutations relations (1.340), and generate the three boosts
and three rotations of the ordinary Lorentz 4-vectors:

(0% (6% Z V\&
;1 ik
A =1 + fzb + §9i€ijkr] s (1349)
b= —4J" rik = — ik (1.350)

1.11.7 Lorentz invariance of the Dirac Action
We need to satisfy the following conditions
STHANFS(A) =A%,
ST(A)YS(A) =7 or ST(A)Y’ =4°S71(A). (1.351)
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In order to find a representation of the Lorentz Group in terms of the Dirac matrices we propose

. 1 )
S(A)=1+&B + Eeieiijﬂ’“ : (1.352)
Instead of show the Lorentz invariance of the Dirac Action, we use the conditions derived from the
invariance, to find a representation in terms of the Dirac matrices for B and R/*. As a consistency

check, the resulting representation would satisfy the Lorentz algebra. In this way, by using eq. (1.349)
and (1.352), we obtain from

STHA)YS(A) = A" 47, (1.353)
that
1
) > L— 0,
27 Y
1.
Rik 257171&’ 7 (1.354)

which can be written in covariant form if we define
s = 2" (1.355)

In fact, the six set of non-zero independently generators are

S" =1 ("' =) =" =iB
§9 =1 (7 =777) = 57 = iRY. (1.356)

It is worth notices that in fact S* satisfy the Lorentz algebra, and therefore are the generators of
the Lorentz group elements:
SH
S(A) =exp (—z’w,w?)

~1— %MWSW. (1.357)

Another consistency check is

STANS(A) =1°, (1.358)
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or equivalently
ST(A)* =1"571(A)

(1 + %WWS’“’T) A0 =0 <1 + %wWS"”)

SHIA0 =05 (1.359)
Taking into account that
i = (0) 244 (19)% 10 = A0y (1.360)
we have
Sty = - i AP
_ i 1741 4
zi (1, 41]
—i v, 10
:708“1/
(1.361)

1.11.8 Dirac’s Lagrangian

Para una matriz de n dimensiones existen n? matrices hermiticas (o anti-hermiticas) independientes.
Si se sustrae la identidad quedan n? — 1 matrices hermiticas (o anti-hermiticas) independientes de
traza nula. En el caso n = 2 corresponden a las 3 matrices de Pauli. En el caso de la ecuacion de
Dirac se requieren 4 matrices independientes, por lo tanto deben ser matrices 4 x 4. En efecto para
n = 4 existen 15 matrices independientes de traza nula dentro de las cuales podemos acomodar sin
problemas las 4 ~*.

De [16]:

All Dirac matrix elements will now be written in the form

U(x)TY(z), (1.362)

where I" is a 4 x 4 complex matrix. The most general such matrix can always be expanded
in terms of 16 independent 4 x 4 matrices multiplied by complex coefficients. In short
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Matriz I Transformacién Numero | Escalar en Dirac
1 Escalar (S) 1 Db
5 Pseudoescalar (P) 1 Vs
Vu Vector (V) 4 1&%@
TuVs Vector axial (A) 4 Y15
0w = % V4] | Tensor antisimétrico (T) | 6 DOt
16

Table 1.1: Matrices I';.

the matrices I' can be regarded as a 16-dimensional complex vector space spanned by 16
matrices.

It is convenient to choose the 16 matrices, I';, so that they have well defined transformation
properties under the Lorentz Transformations. Since the v*’s have such properties, we
are lead to choose the following 16 matrices for this basis:

En la Tabla 1.1 se muestran las matrices de traza nula con sus propiedades de transformacion
bajo el Grupo de Lorentz. En la ultima se muestra el correspondiente escalar en el espacio de Dirac
YI'p. Demostracién

JH(x) = @)y (x) =P (A2)STHA)YS(A) (A )

=N (A )y (A )
=A", JY (A ). (1.363)
In [16]: Problem 5.4:
U5t = STHA)Y S (M) = (det A)pysy) (1.364)
The solution is in Appendix C. of Burgess book, by using
P = a1 (1.365)

24

and

det A = €05 A" 1 A 9 A3AP, . (1.366)
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1.12 Electrodinamica Cuantica

Para hacer el Lagrangiano en ec. (1.313) invariante gauge local bajo U(1)g, procedemos de la forma
usual. El campo transforma como

¢ N ¢/ _ 6_i9($)Q77/)
)= = e’ @9 (1.367)

donde @ es el generador de carga eléctrica en unidades de la carga del electrén.
La derivada covariante se define de manera que transforma de la misma forma que el campo,
introduciendo el campo gauge A*

o' — Dt = 0" —ieQA", (1.368)
donde e es la carga eléctrica del electron. De esta forma, si v, es el campo que representa al electron

te/}e = e(_l),@be = _e¢e~ (1369)

El Lagrangiano correspondiente a la interaccion de un fermién y el campo electromagnético cor-
responde al Lagrangiano de Dirac con la derivada normal reemplzada por la derivada covariante, y el
correspondiente término cinético invariante gauge y de Lorentz asociado al nuevo campo introducido
en la derivada covariante: A*. Este campo es necesario para compensar los cambios en la energia y
momentum que sufre el electréon como consecuencia de imponer la invarianza de la Accion bajo un

cambio de fase local B
L=y (D, —m)p — }LF“”FW, (1.370)

y es invariante bajo transformaciones locales U(1)g. Desarrollando la expresién anterior, tenemos

L =i (0, —ieQA,) —m] — LF*E,,
=Y (iv"0, — m) ¢ + eQUYy* YA, — LF"F,,. (1.371)

Este Lagrangiano da lugar a la Accién de la teorfa conocida como Electrodindmica Cuantica (QED
de sus siglas en inglés). )
Aplicando las ecuaciones de Euler-Lagrange para 1, tenemos

(iv"0, — m) +eQy" A p =0

(iv"0,, — i*eQy"* A, — m) = 0

[iv" (0, — teQA,) —m|p =0
(iv"D, — m)y = 0. (1.372)
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Que corresponde a la ecuacién de Dirac en presencia del campo electromagnético. Mientras que para
el campo A*, tenemos

1 { FME,

_ 94
1 )~ g =0
D FM = —eQuy 1 (1.373)

Definimos entonces la corriente electromagnética generada por el fermiéon como

" = —eQunp. (1.374)

De nuevo, la aparicion de la interaccion electromagnética es una consecuencia de la invarianza gauge
local.
El célculo directo de la corriente

oL _ 0L
Jr=——-—4§ 0 ————
00,0 " V5 (0,0)
= " (—if () Q)Y = 0(2)QU"y, (1.375)

y para la ecuacién de Dirac, a diferencia de la ecuacién de Schrodinger, la corriente de probabilidad
tiene la misma forma que la corriente electromagnética.

De esta manera podemos reescribir el Lagrangiano en términos de un Lagrangiano libre y otro
de interaccion

L= Efree + Eint ) (1376>

Liree =t ("0 —m) 1 — 1F™E,,
Liny =eQUr A, . (1.377)

Para la QED sélo hay un término de interaccién que es suficiente para explicar todos los fenoménos
electromagnéticos y su interaccion con la materia. Este esta representado por el diagrama de Feynman
mostrado en la Figura 1.2

La repulsién electromagnética esta representada por la figura 1.3. En la Figura (a) el primer
electréon emite un fotén y se dispersa, mientras que el segundo absorbe el foton y se dispersa en
la direccién opuesta. En la Figura (b) el primer electén absorve el fotén emitido por el segundo
electron. Los dos diagrams se representa por uno unico con el fotéon en horizontal como se muestra
en la Figura (c).
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X

Figure 1.2: Feynman rule for QED

t (a) (b) t (©)

X X

Figure 1.3: Electromagnetic repulsion. The diagrams (a) and (b) are summarized in the diagram (c)
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1.13 Cromodinamica Cuantica

Los protones, neutrones, piones, kaones y demas hadrones, son particulas compuestas de consti-
tuyentes elementales llamados quarks. Por ejemplo los protones, neutrones y piones estan constitu-
idos de quarks up y down. Los hadrones estan dividos en bariones, B, constituidos de tres quarks,
y los mesones, M, de dos. Para satisfacer el principio de exclusién de Pauli, y justificar el confi-
namiento de los hadrones, se requiere que cada quark contenga N, cargas diferentes, llamadas cargas
de color, de manera que la carga de color de un hadrén sea cero. Muchos resultados experimentales
respaldan la existencia de tres cargas de color para cada quark, N. = 3. De este modo cada quark
q=u,d,c,s,t,bviene en tres colores

do = 1,92, 43 = Gr, Qb Qg (1.378)

donde los tltimos subindices hacen referencia a los colores red, blue, green. De este modo los Bariones
y mesones estdn descritos por combinaciones singletes de color del tipo ¢-qvq4 y ¢-Gr,

1 1
B = —¢us |0 M = —5%q, 1.379
7 v |0059) 7 |Gaqs) ( )

Estos estados son singletes de color. Una de las determinaciones de N, proviene del observable

o(ete™ — hadrones)
olete” — ptp)

R~ (1.380)

Para f = u,d, s, ¢, b, t, (en orden de masa) tenemos que para una energia donde se pueden producir
hadrones compuestos de hasta quarks fiax

Ty olete = fufa)
T olefe = ptp)

frnax + -

_,ole e

ooy S olere > 1)
olete” = ptu)

R

(1.381)
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De este modo R esta dado por la suma de las cargas eléctricas al cuadrado

2
R %chf?f
o
fmax
=Ne ) Qf
(NJ(2)2+2(F) =2N.  f=ud,5, fuax =S5

=9 NC[2(§)2 + 2(%)2] = ;TONC fmax =cC
(V232 +3(F) = B Ne funax =

2 Nc = 3a fmax =S
11 _ _
3 Nc - 37 fmax - b

En la figura, tomada de [?], se muestra el grafico de R con respecto a /s (la energfa de centro de masa
de la colisién). Se observan dos escalones, uno que va hasta una energfa /s ~ 4 GeV que corresponden
a f =wu,d,s, conun R = 2, y otro hasta /s ~ 40 GeV que corresponde a f = u,d, s, c,b, con un
R ~ 3.7 =~ 11/3. Los dos valores de R son compatibles con los esperados de la ec. (1.382). Como
referencia también se senalan los valores para N. =4 (en rojo).

Si queremos que el color sea una carga conservada como la carga eléctrica, ésta debe ser la
consecuencia de una simetria gauge local. Para tener tres cargas diferentes la posibilidad més simple
es imponer la simetria SU(3)., tal que tengamos un vector compuesto de 3 espinores de Dirac en el
espacio de color:

Ur Gr
U=(w]|=|a]. (1.383)

Vg dg
El Lagrangiano de Dirac con invarianza gauge global SU(3), para un quark, se puede escribir como
Laobal = 190, ¥ — mU W, (1.384)

donde \o
U — U = exp (i@a?) . (1.385)
a=1,...,8 A;/2 son los ocho generadores de SU(3) y 0, son los pardmetros de la transformacién

global. Los generadores de SU(3)
)\a

A= — (1.386)

2 Y
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Figure 1.4: Datos para R
satisfacen el algebra
PRED e A
D = e 1.
2 2] g, wsor)

donde f son las constantes de estructura fina de SU(3).
En un andlisis similar al de la seccién 1.11.8 tenemos que la Accién invariante gauge local bajo
SU(3)., se obtiene de reemplazar la derivada normal por la derivada covariante

_ _ 1
Ligcal = 1¥Y"D,V —mUV — 3 Tr (G’“’GW) , (1.388)
donde

U — U =U(x)¥
D, — (D, V) = U(x)D,V, (1.389)

con la matriz 3 x 3

Ulz) = exp [wa(;@)% | (1.390)
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y
D VS :
D, =0, — Zgé‘?Gu =0, —19:G,, (1.391)
donde hemos definido la matriz 3 x 3 G, como
Aa "
(G#)aﬁ =3 BGH (1.392)

Este Lagrangiano da lugar a la interaccion fuerte y es llamado el Lagrangiano de la Cromodinamica
Cuantica, o el Lagrangiano de la QCD de sus siglas en Inglés.
De (1.389), tenemos

D,V — (D,¥) =D,V = U(z)D,V

DUV = U(z)D, V. (1.393)

Por consiguiente
D'U = UD* (1.394)
Dt — (DM = UDFU (1.395)

Desarrollando a ambos lados

Dhep — (D))" = D'y =DM
(0" —ig,G"YUrp =UD*U U
(0" —ig,G" Uy =U (9" — ig,G")¢)
Ud"yp + (O*U ) — ig, G Uy =U" ¢ — igUGHy
(0"U )Y — ig,G"'Utp = — ig UG
—ig, G Uy = — (0"U) — ig,UGH) (1.396)

de modo que

MU :%(8‘%) +UGH

i

gs

G" = OrHU P +UGHU . (1.397)

Como U es unitaria, la transformacion de los campos gauge puede escribirse como
7

G = (G =UGUT

(o"U) U™ (1.398)
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Entonces

AG™ 2(1 + 0, A") A°GH (1 — i04A%) — gi[z'(a“ﬁe)Ae(l —i0;A7))

_t

gs

~[AC — i0,AAY + iB,APAGE + —ACDHG,
Js

—(A° + i0,APA) (1 — i0,AN)GE — [i(9"0.)A°(1 — i0;AT))]

=[A° — i, (A°Ab — APA)|GH + iAeaﬂee
=AGF —i(i f*" NGO, + iAaaﬂea
=A¢ (Gf; + giaﬂea - f“chgeb) (1.399)
de donde
Gl — G =G + gia“ea + feGo, (1.400)

que se reduce al caso Abeliano cuando las constates de estructura son cero. Como era de esperarse
cada campo gauge tiene asociado un pardmetro de transformacién gauge 6,(x).
Similarmente, definiendo la matriz 3 x 3,
A

G = i[D”,D”] =S, (1.401)
tenemos
G = [0 — ig, G, 0 — ig, G

(0"~ i9.G") (0"~ i9.6") ¥ — (0" ~ i9.G") (9" — i9.6") ]

=g— (00" — GRGHGY) — ig [0 (GV) + GrO"i] — 00 + g°GY G + i, [ (GM) + G o]}

— (00" — 00 — GGG — GYGM — ig.[(0G") — (G

—ig[GY O + GHO"1p — GPOVY + Gr M)}
—[0"GY — G — igy(GPGY — G*G")]v
={0"GY — O"G" — ig,[G*, G"]}) (1.402)
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De modo que
GH =0"G" — 9"GH —igs|G*, G"], (1.403)
que se reduce al caso Abeliano cuando los bosones gauge conmutan. En términos de componentes

AGHY =N“OFGY — A0 GY — ig,[APGY, A°GY)]
—AGHGY — A“DYGY — ig,[AP, AJGLGY
— NG — AD G — igy(iA fupe) LG

=NOHGY — N O"GE + N g, fanc GG (1.404)
Por consiguiente
Gt = 0'G, — 0"Gl + gsfachfGZ =G + gsfabCGfGZ, (1.405)
con
G = o0'GY — 0"GY (1.406)

A diferencia del caso Abeliano G* ya no es invariante bajo transformaciones gauge

Gp,u N G/,LW — i [D/H,D/V}
9s

1

9s

=UG"U". (1.407)

[UD*U—, UD'U]

Note que con la definicién (1.401), la derivada covariante de la matrix G*, transforma como la
matrix G*

D,G" — (D,G") =UD,G"U". (1.408)

Para poder obtener un invariante bajo transformaciones gauge a partir del producto G*'G
debemos utilizar la traza

Iz

Tr (G"Gw) = Tr (GG )

Tr (UG U UG, U ™)
Tr (UGG, U™)
(
(

T (U-'UG™G,,,)
Tr (G*G,) - (1.409)
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Teniendo en cuenta la normalizacién de las matrices de Gell-Man
Tr (A*A") =26
1
Tr (A“Ab) 255‘”’,
tenemos (suma sobre indices repetidos de SU(3))
Tr (G*G) = Tr (G™G' ) =Tr (MG AGY,)
=Tr (A“A°) GH* G,
1 ab v b
:55 GG,
1 v a
:§G§ G -
Expandiendo el Lagrangiano en ec. (1.388), tenemos
= D VIS - 1 u
L =iU~y" {0, — zgs7GH VU —mUV¥ — 3 Tr (GG )
) . >\a a T, ]' nv ya
=Wy (9, — zgs?GM U —mUu¥ — ZG“ G
=iUy"0, ¥ VAV v “)\aG“\IJ 1G"”G“
=1 ’y )2 —m + gs ,y ? " - Z a nv
T \T T/ )\a a 1~ va
=iVy"0,¥ — m¥V¥ + gS\I/’y”?\I/GM — ZGQ G
1 ~ v e aobc 12 ~(l aoc v e
- Zl (gSGlaL fCLdBGZGy + gsf ’ GZLGCG/UJ + ggf ’ fad@GchG/dLGy>
:'Cfree + Egauge + LSI )
donde
Ltree :iqw”aulll — mUV
\T )\a a 1~ v a
Egauge :gs\ll'y“?\IIGu - ZGg G,uu
1 - ~
Lo = 1 (9.G8" FaacGLGS + 9. f ™ GLGEG, + g2 ™ Fua GLGLGGE )

Hemos divido el Lagrangiano en tres partes

75

(1.410)

(1.411)

(1.412)

(1.413)
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e El Lagrangiano libre de Dirac

e Una parte gauge que puede escribirse como un Lagrangiano electromagnético:

1 14 174 a a 14 a
Loange = — 1 (o"Gr — 0"GH) ((%GV — &,Gu) - J G, (1.414)
dende
_ Ao
J(g = —gS\I/fyugllf, (1415)

es la nueva corriente conservada de interaccion fuerte que surge como consecuencia de la invar-
ianza gauge local SU(3); y

e Una parte de auto-interacciones gauge:
Ls1 = —%fabcéZuGng + gzgf“bcfadeGé‘GZGﬁGi
= —%f“bc (O"GY — 9"G*) GZGi — gzgf“bcfadeGﬁjGZGZGi. (1.416)
que se desaparecen en el caso Abeliano.

El Lagrangiano de interaccién es:

T, )\a S 2
Lim = 9.9 ZHUGE — L7 (0"G = 0" CL) GG — 22 [ fa. G GL GG (1.417)

From [18] (pag 136):

The quarks have an additional type of polarization that is not related to geometry. The
idiot physicists, unable to come up with any wonderful Greek words anymore, call this
type of polarization by the unfortunate name of “color”, which has nothing to do with
color in the nornal sense. At a particular time, a quark can be in one of three conditions,
or “colors”-R, G, or B (can you guess what they stand for?). A quark’s “color” can be
changed when the quark emits or absorbs a gluon. The gluons come in eigth diffent types,
according to the “colors” they can couple with. For example, if a red quark changes to
green, it emits a red-antigreen gluon—a gluon that takes the red from quark and gives
it green (“antigreen” means the gluon is carrying green in the opposite direction). This
gluon could be absorved by a green quark, which changes to red (see Fig. 1.5). There are
eigth different possible gluons, such as red-antired, red-antiblue, red-antigreen, and so on
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Figure 1.5: Quark—gluon interaction

(you'd think there’d be nine, but for technical reasons, onw is missing)?. The theory is
not very complicated. The complete rule of gluons is: gluons couple with things having
“color”—it just requires a little bookkeeping to keep track of where the “colors go”. There
is, however, an interesesting possibility created by this rule: gluons can couple with other
gluons (see Fig. 1.6).

El primer término da lugar a interacciones de cambio de color de quarks como la que se ilustra
en la Figura 1.5

Mientras que el segundo y tercer término dan lugar a autointeracciones de los gluones como se
muestra en la Figura 1.6

Todas las interacciones estan determinadas en términos de una unica constante de acoplamiento
gs. Las autointeracciones gauge pueden explicar aspectos de la interaccion fuerte como la libertada
asintotica, que consiste en que las interacciones fuertes se vuelven mas débiles a distancias cortas.

En términos de indices de color la corriente, y las otras partes del Lagrangiano, pueden escribirse

2

rT r§ rg ~
br bbby |, with r7+bb+ gg =0
gr gb gg
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antiblue-green antigreen-red

Figure 1.6: Triple-gluon self-interaction. The anticolors are the colors running back in time.

como

A

Ji = —g.4°7"q’ (7“) : (1.418)
af

Note que tanto para la Electrodinamica Cuantica como para la Cromodinamica Cuantica la corriente
YI'Yp es vectorial. Para las interacciones débiles la estructura es mas complicada y requiere un
conocimiento mas profundo de la ecuacién de Dirac y sus soluciones.

1.13.1 Ecuaciones de Euler—Lagrange

Sigiendo los mismos procedimientos anteriores debemos llegar a los siguientes resultados. Para el
campo ¥

("D, —m)¥ =0, (1.419)
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a{ oL }_0£

"1000,Ge)|  0Ge

-9 {—éﬂv—lgfdbc;aff 0 (aGd—aGd)}—g%”ﬁ
" a Pl e 5 (g,Ga) VP T o9

o LG (G 0aG + Glionbea) + 22 F™ fae (979" G GGG
=0, {—@g" - %gsfdbcegez C 50#@”5@)} - gsw%

4 %fdacégan i %fdbaéguGl;

+ %f“’cfideg”ag"ﬁ(5w5baGgGiG§ + G2 051000 GAGE + G2.G56,,00aGE + GLG5G05,0.0)

-0, { G- S0 GIGY + 5. fuCLGE | — 01"

. % fadcé;aGg _ % fadbéZsz;

+ %fi“fidegp”g“ﬁ G4GIGE + % £ fiaeg™ g7 GLGIGE + Js fibc fiaeg"g"PGEGEGE

+ 2 fuaag™ g GGG (1.420)

Desarrollando los cuatro ultimos términos, tenemos

%fiaCfidegpugaﬁGc GdGe 4z B fzbafZ egpagauGngGz 428 E fzbc]cweguagoﬂGb GIBGS
+ %fi“fidagmg”ﬁGZG;Gz
S riac v e S riba v S ribc v e 9s pibe v
=0 i GGGl + 5 ™ e GLG G+ T2 Fiae GY GG, + 22 ™ aa GLGL G
S rdac v e S pdca v ] S C v e 9s C v e
=0 f GGG + 2 7 5 GGG+ B ™ aae Gy GG, + 22 ™ f1a GGG
=0 fe G GG + 2 7 5 GGG, + %fdacfdfeG”Gc“Gc + %fdmfdﬁG:G“GC
— gS fachb fce]GMGV o 9s fachb fcegGuGV IS achb fce]GuGV IS achb fce]GuGV
= — gsfachZfC”Gﬁ:G; (1.421)
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Entonces

9 oL _oc
"100,G2)]  oGe
~ = )\a acd /e Y c fdej v
:(9N (_Ggy - gsfachgGZ> - gsqy}/y?q] B gsf dG,UGg - gsfachufd ]GQGJ'

= — 0,GY — g f*IGEGY — gs%”% =0. (1.422)
Entonces las Ecuaciones de Euler Lagrange para G, son
0.Gt + gsf“CdGZGg” = —gsﬁy”%\lf : (1.423)
Definiendo
JH = —gS\TJ’y“%\P, (1.424)
La ec.(1.423) puede reescribirse como:
OuGL” = —gs | fanc GG + \Iw”%\lf (1.425)

y usando el hecho que 9,0, = 9,0,:
8,0,G" =8,0,G" + 9,0,0, (fapcGLGY)
1
=0 + 5 [gsauau (fachgGZ) + 9561/8H (fachgGZ)]

1
=3 1900, (JureGLGY) + 9.0,0, (Juro GLGY)
1
:é [gsauau (fachgGZ) + gsauau (fach(V;Gg)]
1
:é [9381/8# (fachZLGZ) — 9500, (fachgGD]
=0, (1.426)
como en el caso Abeliano, tenemos la corriente conservada
a,5" =0, (1.427)
donde
2 v NT V/\(l
i == gs | farcGLGE” + Uy 7\1} . (1.428)

El primer término corresponde a las autointeracciones y el segundo a la corriente de color generada
por los quarks.
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1.13.2 Derivada covariante adjunta

Toda el algebra de SU(3) se puede escribir en notacién vectorial en términos de vectores de 8 com-
ponentes asociados al espacio de los generadores de SU(3). Este nos permitira entender como las
autointeracciones gauge emergen también de la derivada covariante cuando se escribe en la repre-
sentacién adjunta de SU(3).

Definiendo el producto vectorial de SU(3) como

(A x B), = fucA’B, (1.429)

si G* es un vector en el espacio SU(3) con las 8 componentes G*, entonces podemos escribir (1.400)
como

1
Gy = Gl = Gyt 0,0+ Gy x 6. (1.430)
Podemos escribir también la ec. (1.405) en términos de vectores en el espacio SU(3) como:
G = P'G” — "G + ¢,G* x G, (1.431)

donde G es el vector en el espacio SU(3) con las 8 componentes G#.
De igual forma, podemos escribir (1.423) en forma vectorial como

0,G" + g,G, x G =J¥ (1.432)
y la corriente conservada como
v v b ST IJA
=—9: | -G" x G, + Uy 5\11 . (1.433)

Como G* es una matrix 8 x 8, su derivada covariante debe estar en la representacion adjunta de

SU(3)

(A")pe = =1 (F)pe » (1.434)
con

[A% A"] =i fape A (1.435)
En esta representacion la derivada covariante queda

D, = 0, — igy\G" (1.436)

I
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En componentes

(Dis)a, =0abp = 195 (A )G,
:5aba,u - gsfcabGZ
:5abau + gsfach; . (1437>

Aplicada sobre la componente G}, queda

(DU)ab GZV :5(1178#6!2“/ + gsfachzGéjV
(D) oy Gy” =0,GE” + g5 (G x GM),

(D,G"), =0,G5 4 g, (G, x G")_ (1.438)
podemos escribir la derivada covariante de G* = (G}*,- -+, G&”) como
D,G" =9,G" + g,G, x G (1.439)

a

o, en (1.423) se pueden escribir como

Entonces las las Ecuaciones de Euler Lagrange para G
D,G" =J", (1.440)
donde el vector en espacio SU(3) J¥, tiene por componentes

_ )\a
JE = —g Uy 1.441
7

a

Para escribir el Lagrangiano en forma vectorial en el espacio SU(3), debemos reescribir la trans-
formacién gauge de G, en términos de vectores de SU(3). Como

G — G, =UG,, U’
=(1+ i6,A")A°GS, (1 — i6,\") (1.442)

podemos realizar los mismos pasos que en (1.399). El resultado es
a na _va abc b e
G, — G, =G, + [7G,,0°. (1.443)

Note que en el caso Abeliano f,;. = 0, el tensor correspondiente es invariante gauge, como ocurre el
caso electromagnético. En notacién de vectores de SU(3):

Gu — Gl ~ Gy + G x 0. (1.444)
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Utilizando la propiedad ciclica del triple producto escalar
A-BxC)=B-(CxA)=C-(AxB), (1.445)

podemos construir el invariante

GHGo, = GM - Gy — G™ -Gl =G - Gy + G - (G % 0) + (G x ) - G,y
=G" - Gy + G- (8 x G™) + (G" x 0) - G,
=G" .G, — (G"™ x 0) -G, + (G" x 0) - G,,
=G" - Gy . (1.446)

El Lagrangiano de la QCD escrito en forma de vectores de SU(3) es

_ - 1
L = iUy <8H - igsg : Gu) U —mU¥ — ZGW G (1.447)

El Lagrangiano para los campos gauge, el cual puede generalizarse para cualquier teoria SU(N), es
1 14 14

Egluon = ,Cgauge + Lgr = —ZG“ . Glﬂ’ -J,-G”, (1448)
Da lugar la ecuaciones de Maxwell pero con la derivada normal reemplzada por la derivada covariante
D,G" =J", (1.449)

donde
D,G" =0,G" + g;G, x G (1.450)
Note que en el caso Abeliano, U(1), la derivada covariante del tensor de campo se reduce a la derivada

normal de dicho tensor. El término extra en la derivada covariante da lugar a las autointeracciones
de los campos gauge.

e Ejercicio:

Muestre que la derivada covariante de G*”, transforma como G.
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Figure 1.7: V(¢) = $4%¢* con > > 0

1.14 Spontaneous symmetry breaking
Escribamos el Lagrangiano para una particula escalar real de masa m como
L =30"68,0 — V(0) (1.451)

con
V(@) = Lute (1.452)
Este Lagrangiano es simétrico bajo la transformacion discreta ¢ — —¢.

Cuando p? > 0, el campo tiene excitaciones alrededor del minimo del potencial que cuestan
energia y dicho término se interpreta como la masa de la particula. Ver figura 1.7. En Teoria
Cuantica de Campos al estado de minima energia se le llama el vacio y las excitaciones alrededor del
vacio corresponden a las particulas.

Si u? < 0, no existe un minimo del potencial alrededor del cual el campo pueda oscilar. Ademés

el alejamiento del campo del punto de simetria del potencial no cuesta energia. Por consiguiente en
ese caso, el término de interaccion

V(o) =t <0, (1.453)

no puede interpretarse como un término de masa en el Lagrangiano dado por la ec. (1.451).
Consideremos ahora el potencial

V() = 3120 + 1A¢* 12 <0, A>0 (1.454)
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Figure 1.8: V(¢) = 34%¢* + $A¢* con p? < 0, y A > 0. Simetria exdcta

que mantiene la simetria bajo la transformacion discreta ¢ — —¢. A > 0 garantiza la apariciéon de los
dos minimos que se muestran el la figura 1.8. Si la energia es suficientemente alta como se muestra
en la figura 1.8, las excitaciones son simétricas con respecto al maximo del potencial y el término en
1% no puede interpretarse como masa para la particula escalar.

Sin embargo, si la energia es suficientemente baja como se muestra en la figura 1.9, las excitaciones
alrededor del minimo dan lugar a la aparicion de un término de masa para el campo escalar. Ademaés,
dichas excitaciones no respetan la simetrias ¢ — —¢. En tal caso decimos que la simetria ha sido
espontaneamente rota: aunque el Lagrangiano mantiene la simetria original, el vacio la rompe.

Para analizar cuantitativamente el espectro de particulas es necesario expandir el campo alrededor
del minimo y determinar las excitaciones. Establezcamos en primer lugar los minimos del potencial.

La 0V/0¢ = 0 da lugar a

o+ \p* =0 (1.455)
o(1° + \p?) = 0, (1.456)
con extremos ¢pax = 0, v
e = (6 = v = £ 1 (1.457)
De hecho P2y
9 = 12 4 32 (1.458)

¢ = 0 corresponde a un méximo, mientras que la segunda derivada para ¢ = ++/—pu2/X es —2u? > 0
y corresponden a los minimos. Expandiendo el campo alrededor del minimo

¢(r) =H(x)+v (1.459)
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Figure 1.9: V(¢) = 34%¢* + $A¢* con p? < 0, y A > 0. Simetrfa espontdncamente rota.

V(g) =5°0" + {A¢"
=312 (H +v)* + IA(H +v)*
L (H +v)” + INH + v)4
=1 (H2+27JH+1)) ( —|—21}H—I—v)
(H2+20H+v [ 14 2H? 2vH—|—v)—|—(2vH+v2)2}

=14 (H? + 20H 4+ 0*) + X [H* + 4 H? + 2H*0* + 40* H? + 40°H + v
=31° (H? + 20H 4+ v*) + IN [H* + 40H? + 6H*0* + 40°H + v*]
H? — 3H2u2—|—,u vH—/va%—;,uzvz u202+i)\ [H4+4UH3]

—2u%) H? + WH® + IAH* + 1%0°, (1.460)

—~

E

l\l)l»—l [\DI)—‘ [\DI)—‘ [\DI)—‘ N:I»—‘ wl
A 7::

Ly=310"HO,H — § (—24°) H* — \wH® — 1AH" + constant. (1.461)

Entonces H adquiere una masa —2u? y no es invariante bajo H — —H.

Otro método es usar las ecuaciones de minimo —pu? = Mv?, para eliminar un pardmetro del
potencial:

V(g) = —ix?¢” + 1ag?
=— I\ (H? + 20H +v*) + 1A [H* + 4H? + 6H*v” + 40°H + 0]
=\"H? + \wH® + 1XH"* + constant. (1.462)
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V(o)

P2

$1

Figure 1.10: Potential for complex scalar field

Podemos escribir el potencial en términos del nuevo campo como

1 1 m?2 1 m?2
V(H)=-m%H>+-—2pg3 4+ — 2t 1.463
(H) = gmy ™+ 5= 2 H + 275 (1.463)
donde
my = 2|4’ | = 2207 (1.464)

Consideremos ahora un campo escalar complejo sin término de masa, pero con potencial:
L=0"¢"0u0— V() (1.465)

V(9) = P60+ A(0°6)° 2 <0, A>0 (1.466)

La simetria del Lagrangiano corresponde a U(1) global. Este potencial corresponde al “sombrero
mexicano”, como se ilustra en la Figura 1.10. Para una energia suficientemente baja de manera que
el campo deba oscilar alrededor del minimo aparecen dos tipos de excitaciones. Una sobre las paredes
que cuestan energia y corresponden a un campo escalar masivo como en el caso anterior, y otra a lo
largo de la circunferencia de minimo, que corresponde a una particula escalar sin masa, y es llamada
bosén del Golstone.
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El Lagrangiano escalar complejo es equivalente al Lagragiano de dos campos escalares reales con
los mismos paramétros. Para un conjunto de N campos reales tenedremos (suma sobre i) [9]%:

1, ., 1 P | i\ 2
L= §3u¢ 0, Pi — §M2¢z¢ - 5,“2 (¢:0")" | (1.467)
que es invariante bajo una simetria O(N)
o' — ¢ = R, (1.468)

para cualquier matriz N x N ortogonal R. El analisis para N = 2 da lugar a un bosén de Goldstone.
El anélis para N > 2 es el mismo y por cada campo real que se introduzca aparece un nuevo bosén
de Goldstone [9]:

[...] there are not continuous symmetries for N = 1, while for N = 2 there is a single
direction of rotation. A rotation in N dimensions can be in any one of N(N —1) planes, so
the O(N)-symmetric theory has N(IN — 1)/2 continuous symmetries. After spontaneous
symmetry breaking there are (N — 1)(/N — 2)/2 remaining symmetries corresponding to
rotations of the (N — 1) [non massive| fields. The number of broken symmetries is the
difference, N — 1.

Entonces tenemos el siguiente teorema [9]

Goldstone’s theorem states that for every spontaneously broken continuous symmetry, the
theory must contain a massless particle.

Also from [J]*

In a global symmetry that is spontaneously broken the symmetry currents are still con-
served and interactions are similarly restricted [the Lagrangian keeps the symmetry|, but
the vacuum state does not respect the symmetry and the particles do not form obvi-
ous symmetry multiplets. Instead, such a theory contains massless particles, Goldstone
bosons, one for each generator of the spontaneously broken symmetry. The third case
is that of a local, or gauge, symmetry. [...] such a symmetry requires the existence of
a massless vector field for each symmetry generator, and the interactions among these
fields are highly restricted.

It is now only natural to consider a fourth possibility: What happens if we include both
local gauge invariance and spontaneous symmetry breaking in the same theory?

3Sec. 11.1
4Introduction to Chapter 20
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En el caso de la Accién invariante gauge local bajo el Grupo U(1), tenemos el Lagrangiano (?7?):

= (D"¢)* Duo — 126" — N (¢"¢)> — LF™F,,  p?<0and A >0 (1.469)
Para obtener directamente el espectro después de la ruptura espontanea de simetria es conveniente
usar la transformacion gauge de la ec. (?7). Haciendo 6(z) = —n(x):
6 ¢ = D) (H (@) +”> _ @ o (1.470)
V2 V2

L— L =[(D ¢’]* (Du) ¢ — 12 (¢") ¢ — A [(cb*)’cb] — L (F™F)
=3 [8“1{ +igA™(H + )] [0,H — igA",(H +v)] — 31 (H+v)” = INH+0v)' =L (F™EF,) .
(1.471)

En adelante omitiremos las primas, aunque debe estar claro que se esta trabajando en el gauge
especifico de la ec. (1.470). Entonces

L=10"HOH — 11 (H +v)* — INH 4+ v)* + 37 A* A (H +v)* — LF™F,,. (1.472)

Usando la ec. (1.460)
L=Ly+Law+ 357 A"AH? + gvA* AL H, (1.473)

donde Ly esta dado por la ec. (1.461) y
Law = —1F"F,, + 15°v° A" A, (1.474)

Teniendo en cuenta la ec. (1.221) para el Lagrangiano de Proca, vemos que como consecuencia de la
ruptura espontanea de simetria el campo gauge ha adquirido una masa

Man = gu. (1.475)

El mecanismo completo mediante el cual, a partir de un Lagrangiano invariante gauge local, los
bosones gauge adquieren masa se llama mecanismo de Higgs [?]. La particula escalar que adquiere
masa se llama Higgs, mientras que el bosén de Goldstone es absorbido por campo gauge como modo
longitudinal.

El nimero de grados de libertad independientes en el Lagrangiano original en la ec. (1.469) es
cuatro. Correspondientes a los dos grados de libertad del bosén gauge no masivo y los dos del campo
escalar complejo. En el Lagrangiano final en la ec. (1.473) no aparece el bosén de Goldstone. Sin
embargo esto no es un problema porque dicho Lagrangiano también tiene cuatro grados de libertad
correspondientes a los tres grados de libertad del bosén gauge masivo y al grado de libertad del bosén
de Higgs.
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1.14.1 Superconductivity

A review ot the use of the Proca Equations for a massive photon in superconductivity is given in [21].
A popularization review along this lines is in the book of Frank Wilczek “The Lightness of Being”
(see Additional references).

The photon mass inside a superconductor is 107! GeV (or 1/1000 of the electron mass accordin
to [21]). Also from the article in Beamline A ~ 10 pm y M, = h/Ac

There are two important length scales in a superconductor. The first measures how efficientrly
the condensate expels a magnetic field. In fact, the expulsion is not

Additional references:

e The Lightness of Being: Mass, Ether, and the Unification of Forces, Frank Wilczek, http:
//www .amazon.com/The-Lightness-Being-Unification-Forces/dp/0465018955

e http://www.scholarpedia.org/article/Englert-Brout-Higgs-Guralnik-Hagen-Kibble_
mechanism_(history)

e Elementary Particle Physics: Volume 1: Quantum Field Theory and ..., Volume 1 By Yorikiyo
Nagashima, ElementaryParticlePhysics:Volumel:QuantumFieldTheoryand. . .,VolumelByYorikiyoN:

e From Superconductors to Supercolliders by LANCE DIXON http://www.slac.stanford.
edu/pubs/beamline/26/1/26-1-dixon.pdf

e Electrodynamics of Superconductors http://www.physics.buffalo.edu/phy514/will/index.
html

1.15 Fermiones quirales de cuatro componentes

Sea
]_ _
P, = 275
1
Pr= J;% . (1.476)
Ademas
v = Py

Yr = Pri. (1.477)


http://www.amazon.com/The-Lightness-Being-Unification-Forces/dp/0465018955
http://www.amazon.com/The-Lightness-Being-Unification-Forces/dp/0465018955
http://www.scholarpedia.org/article/Englert-Brout-Higgs-Guralnik-Hagen-Kibble_mechanism_(history)
http://www.scholarpedia.org/article/Englert-Brout-Higgs-Guralnik-Hagen-Kibble_mechanism_(history)
Elementary Particle Physics: Volume 1: Quantum Field Theory and ..., Volume 1 By Yorikiyo Nagashima
http://www.slac.stanford.edu/pubs/beamline/26/1/26-1-dixon.pdf
http://www.slac.stanford.edu/pubs/beamline/26/1/26-1-dixon.pdf
http://www.physics.buffalo.edu/phy514/w11/index.html
http://www.physics.buffalo.edu/phy514/w11/index.html
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Entonces
V=1L +¢r. (1.478)
Las matrices Pp, p tienen las propiedades
PL+Pp=1 P} =Py rPLr=PLR
PLPr =0 Plp="Prr. (1.479)

Usando la ec. (1.321)

1 1+
Prpy" = q;% =" 2% =Y"Prr (1.480)
Para escribir el Lagrangiano en término de los nuevos ¢, p debemos tener en cuenta que
Yrr = (PLe)'"’ = TPy = 0" Prp = ¢ Pr o (1.481)

L =ipy" 9t — myp
=it)(Pp + Pr)y"9p — mip(Pr, + Pr)t
—it) PLy" Ot + i) Pry" Oytp — m Prap — my) Prap
=it) P, Ppy"0u1p + it PRPpy" 8,00 — map PLPL — map Pr PRy
=it) Py 0, Pri) + i) PRy" 0, Prib — map PPy — mip PPy

=iprY" 0P + WLy 0L — m(Pryr + VriR) . (1.482)

En términos de espinores izquierdos y derechos de cuatro componentes la transformacion de paridad
t—t X — —X Vr(t,x) =Pr(t, —x), Vr(t,x) — Y (t, —x)

(90 — (90 V-V ¢L(t, X) —>wR(t, —X), QﬂR(t, X) — ¢L(t> —X) . (1483)

Ademds L=r xp — (—r) x (—p) = L, y como 4" esta asociado al momento angular intrinsico,
entonces también y# — #

Entonces la transformacién de paridad da lugar a (sin tener en cuenta el cambio de argumento
en los campos que desaparece en la integral de la Accién)

Vry"0ubr = VRV O0r + VR - VR =07 00tbr — by - VL
=070 + U1y - Vi,
=700 r + ¥’y - iy
= 3°00r, + 1y - Vi
=rY"0, R . (1.484)
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Entonces

L — L' =ippi"0,1br + 113" 0 br — m(Yrvr + Yrir) (1.485)

donde 4# = U~*UT, con U = ~°. Como las dos representaciones dan lugar a la misma fisica,
podemos decir que la Accién en términos de espinores L, R de cuatro componentes es invariante bajo
la transformacién de paridad.

La existencia de ambos espinores 91, r garantizan que el Lagrangiano de Dirac es invariante bajo
la transformacién de paridad.

La corriente de la electrodindmica cuédntica en ec. (1.374) (o la de la cromodindmica cuéntica,
ec. (1.418)) conservan paridad ya que, siguiendo los mismos pasos que en la ec. (1.482)

VY = YL + YRy VR = YLAMYL + VRV YR (1.486)

Si para alguna particula, como es el caso del neutrino, no existe la componente derecha, entonces
la correspondiente interaccion vectorial viola paridad y no puede tener ni interacciones electro-
magnéticas ni fuertes, es decir, no se acopla con el fotén o los gluones. Ademas dicha particula
no puede tener masa de Dirac. En el caso del neutrino esto se entiende pues al no tener carga
eléctrica soélo requiere dos grados de libertad independientes.

De otro lado, si una determinada interaccion, como es el caso de la interaccién débil, solo participa
la componente izquierda de la ec. (1.486), esta corresponde a una interaccién del tipo

YY" = YPry"* Prap = Yy Pra
_ 1—
=Py ( 2”5) v

=30 (¥ = "s) 0, (1.487)

que de acuerdo a la asignacién en la Tabla corresponde a una corriente V-A.

1.16 Standard model Lagrangian

The known matter is build from the elementary set of particles defined in table
we further define the color triplets of quarks as

w=| u d= | d, (1.488)
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Type Name Symbol | Charge
leptons | electron e —1
neutrino v 0

quarks | up quark Uy, Ug, Us 2/3
down quark | di,ds, d3 -1/3

Table 1.2: Elementary fermions. The symbol represent both the particle, e.g e™, as the antiparticle,
e.g, et. The lectric chage is given in units of the electron chage e

The free Lagrangian containing this particles can be written as

Liree =t€Y"0,6 — meee + vy 0, v + iuy" 0u — myuu + z'c_h”aud — mygdd
=iey"0 e, + iegy 0 er — me(€ger + €rer) + iy 0, v1

+ iUrY O g + tury" Oy ur + iRy  Ouur

- me(%uL + EUR)Z'E’Y“audL + i@’}/”aud}g - me(%d[/ —+ @dR) . (1489)
donde,
VLR ZPL,RV, €L.R :PL,R €
UrL,R :PL,R u, dL,R :PL7Rd. (1.490)

Corrientes V-A

En las interacciones débiles sélo participan las partes izquierdas de los campos. Esto nos permite
prescindir del vg, pues no tiene carga eléctrica, fuerte, o débil

»Cfree :ia’}/#aueL + i@vuaueR — Me (@6L + aeR) + iﬁvuauVL
+iupy our + iugy" 0, ur

— mue(Tgur, + Ugug) + idpy"0,dy + idpy"0,dr — ma(drdy, + drdp) . (1.491)

Simetria global SU(3). x SU(2)r, x U(1)y

En el contexto de las interacciones débiles un e; es completamente equivalente a un campo vp,.
Es decir, el Lagrangiano debe ser invariante bajo una transformaciéon SU(2);, de esos campos. La
diferencia entre ellos son sus respectivas cargas electricas y sus masas. Asumiendo que ambos campos
tienen una misma hipercarga, asociada a una nueva simetria Abeliana U(1)y, podriamos esperar que
la corriente electromagnética apropiada pueda obtenerse a partir del Grupo semisimple SU(2), x
U(1)y. Ademads las respectivas masas se podrian obtener a partir del mecanismo de Higgs.
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La simetria SU(2);, entre las partes izquierdas del neutrino y el electrén, y entre las partes
izquierdas de los quarks up y down, se establece definiendo los dobletes:

L= (Zﬁ) Q= (Zi) : (1.492)

De otro lado, La invarianza bajo U(1)y requiere que

YL :YI/L - }/eL
Yo =Y, =Yy . (1.493)

El generador de carga eléctrica @, se va obtener a partir de una combinacién lineal del generador
diagonal de SU(2), T3, y del generador de hipercarga, Y.
Bajo la simetria SU(2)y, los campos transforman como:

L — L' =exp(iT"0;)L ~ (1 +iT"6;) L
Q — Q =exp(iT"0;)Q ~ (1 +iT°6;)Q
er —€p =e€R
ur —up = ug

donde
Ti = % (1.495)

y 7° son las matrices de Pauli dadas en la ec. (1.331).

Claramente el término de masa m, en la ec. (??) no es invariante bajo la simetria SU(2),. El
Lagrangiano en la ec. (?7), sin término de masa, puede reescribirse de manera que exhiba de forma
més explicita la invarianza bajo SU(2), como

Livee =t€rY"0per, + i€gy"0uer + iy ouvr
+ iUy O, ur, + upy Oyur + idpy 0,dr, + idpy*0,dr
=i[y"0,L +iQv"0,Q + iegy"O,er + iupy O ur + idry"0,drg . (1.496)

Simetria gauge local SU(3). x SU(2)r, x U(1)y

Para obtener la interacciones del modelo estandar, reemplazamos las derivadas normales por derivadas
covariantes.
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Proponemos entonces el Lagrangiano

L :i@#‘DMQ + izy“DuL +iegy"Dyer + i@V“DMdR + iury"Dyur

— GG, — SWHWE, — 1B" B, , (1.497)
Donde
e 7
D' = 9" —ig, 5 Gl - z‘g%Wﬁ —igYB". (1.498)
donde
)\a
A = 5 a= 1,2,...,8 8 generadores de SU(3).
T = %, i=1,2,3 3 generadores de SU(2),,

Y generador de U(1)y

All the particles in this Lagrangian are massless. It is only good for the gluons and the Abelian
gauge boson, but is no realist for the fermions of the weak gauge bosons Wﬁ To solve this problem,
we postulate a new complex scalar doublet with four degree of freedom:

. |
o = (20) - (z;j:zi) . (1.499)

The “4” and 0 superindexes for just for later convenience. The full Lagrangian involving those fields
are

L =iQv"D,Q + iLy"D,L + iegy"Dyer + idpy"D,dr + iugy"D,ur
—1GHGe, — AWMW,, - 1B" B,
+ (D, @) D'D — 12 dTD — \(PTD)?
— (heL®eg + haQ®dp + h,QPug + h.c)
=Ltermion + Lgauge + LwBH — Lyukawa - (1.500)
donde p2 <0,y A >0,

¢ = i ®*, (1.501)
Liermion =iQ7" D@ + iLy"Dy L + iegy" Dyer + idpy' Dydr + Uy Dyur
;Cgauge - — iGZVGZV — %M/ZHVWZV — %BMVBMV
Lwpn =(D,®) ' D'd — 12dTd — \(07D)?
‘CYukawa :hezq)eR + hd@q)d]{ + hu@&)uR +h.c (1502)
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Bajo una transformacion gauge local las derivadas covariantes de los campos (y por consiguiente
los campos) transforman como:

D,L) = exp (—it;,T" —ifY;) D,L

(
D,Q — (D,Q)" = exp (—ia,A* — i0,T" — ifYy) D,Q
D,® — (D,®)" = exp (—iGiTi — iBYq,) D,®
D,ep — (D“eR)/ = exp (—ifY.,) Dyer = exp (—iSQe,) Dyer
D,dr — (DMdR)’ = exp (—io A" —iBYq,) Dydr = exp (—ia, A" —ifQq,) D,dr
D,up — (DuuR)' = exp (—io, A —ifBY,,) Dyug = exp (—ia, A" —ifQu,) Dyur . (1.503)
donde @).,, = —1, etc, son las cargas eléctricas asociadas a los campos.

Para los campos del Lagrangiano, debemos asegurarnos de que todos los términos invariantes
gauge locales y renormalizables sean considerados. De hecho un término de interaccion entre fermiones
y el campo escalar, correspondiente a una interaccién de Yukawa: L®Pep y Q®dy son invariantes bajo
transformaciones SU(3). x SU(2), x U(1)y si

—YL —|— Yq;. + QCR :0
—YQ +Ys + QdR =0
Yo+ Y3+ Y, =Yy — Y+ Q,, =0,

From this set of three equations we obtain the three doublet hypercharges:

1
=—. 1.504
. (1.504)

En el andlisis anterior hemos fijado Yz = —Ys. Esto es debido a que si Q® es un invariante SU(2)p,
el término ®1Q también es un invariante de SU(2). Explicitamente

'Q =(in®*)'Q
o* \ T
- (—gbas—) “
u
— (¢0 _¢+) <di)
:¢OUL - ¢+dL

=€12Q1 D2 + €21 Q2Py
:ﬁaan(I)b . (1505)
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Bajo una transformacién SU(2),

olQ — (I;’TQ, = €@, P, =€apUacUpaQc P
=€.qdet UQ . D,
=€dQc Py
=ot(Q. (1.506)

Sin perdida de generalidad los cuatro grados de libertad de ®, pueden escribirse en la forma

b — i (@) (%[H&) . v]) , (1.507)
El potencial escalar, definido por
V(®) = 1 ?®Td 4+ \(dT)? (1.508)
se reduce a
V(H) = %,ﬂ(Hﬂ)? - i)\(H—Hj)‘*. (1.509)

1.16.1 Spontaneous symmetry breaking in SU(3). x SU(2);, x U(1)y

Retornando al doblete de Higgs del modelo estandar en la ec. (1.507), los cuatro grados de libertad
de ®, pueden escribirse en forma polar con la parte real neutra desplazada para generar la ruptura
espontanea de la simetria SU(2), x U(1)y

O =T’ (%(H(gj) +U)) (1.510)

(i V2t 0
T2 (\/5“7 1 - Z7]3) (\%(H(ﬂf) + U))
1 int H + vin™
9 (\/AE(H + v —ingH — ingv))
o+
- <\/i§(H(:c) +v— iGO)) '

Para SU(2) xU(1)y tenemos cuatro generadores y cuatro bosones gauge. De acuerdo a la parametrizacién
en ec. (1.510) esperamos que aparezcan tres bosones de Goldstone y un campo de Higgs con masa,
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de manera que quedard un generador no roto correspondiente a una simetria remanente del vacio
U(1l)q

SU@), x ULy 25 U(1)o. (1.511)

Se espera entonces que el espectro consista de un boséon de Higgs, tres bosones gauge masivos, y

un bosoén gauge sin masa.
Podemos hacer una transformacién gauge similar a la de la ec. (?7) sobre el campo ®, tal que

d— P = <\/L§(H((;:) N U)> : (1.512)

que define el gauge unitario. En adelante sin embargo omitiremos las primas sobre los campos
transformados ®" y W/,
Comenzaremos analizando la parte escalar del Lagrangiano del Modelo dada en la ec. (1.502)

Fwnn = % {Du (H (a:(; + v)h (H (a:(>) + v) ~VIH), (1.513)

donde V(H) dado en la ec. (1.463), incluye el término de masa para el bosén de Higgs (1.464):

my = 2|p°| = 220° (1.514)
Como
. Z_l 0 1 1 1 0 2 2 1 1 O 3
W“_T’WM_§(1 O)W“+§<i O)W“+§<O —1)W
Wl —iw?
W3 \/5 M 1z
:1 1M : 2 \/§
2 \/§W#+ZWAL _W3

(1.515)

D,, corresponde a la matrix 2

p,— (O (Wi+ gV E) _IV%QWJ . (1.516)
: —59W, Oy —i(—59gW2+4¢YB,)
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Entonces

D $— —\%gWJ(H#—U)
: OuH —i (—39W3+ g'YoB,) (H+v))

De modo que

r 1 —\/LégW“JF(H%—U) *.
VB9 [\O*H — i (—1gW¥ + g'Yo B") (H +v)
. WH(H +v)
vadlp —V(H
<8MH—i(—%gW3+g’Y¢BM) (H+v)) (H)

1
2
— L gWH(H +v)
vadl —V(H
<3#H—i(—%gW3+g’Y¢Bﬂ) (H+v)) (H)

+ % (0" H + i (—5gW4 + g'Ye B*) (H 4 v)] x

[0,H — i (—59W) + ¢'YoB,) (H +v)]
1
=—V(H)+ ZfW“’Wj(H + v)*+

1 1
+ SOHOH + o (~5gWi' + g'YaB")" (H + )’

donde la ultima linea corresponde a la magnitud del “ntimero” complejo:
[0uH — i (—39W;) + ¢'YoB,,) (H + )]
Entonces

Lw i :%8“}[8#[{ — V(H)

gu\2___ 1 _ 1 _
+ (Z> WHW, + 1 W WIH? + Sog® W' WIH + Laan,
donde
1 1 27171471/3 1.7 i 1,7 n 1272 D
Loan =5 (SPWEWS = S99 YaW{ B, — S99 YaWV{ B, + g *Y3B"B, ) x

(H2 + 20H + U2>

—gWH (H +v) OMH +i (—3gWi + ¢'YoB") (H + v)) -

99

(1.517)

(1.518)

(1.519)

(1.520)

(1.521)
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=

Haciendo Yg = 1/2 como en la ec. (1.504),

1 7 99\ (WS
= _ H H w 2 2
Lran =5 (W5 BY) (_gg/ s )\ B (H? + 2vH + %) (1.522)
Sea
[ cosby sinfy ) 1 g ¢

con tanfy = ¢'/g, tal que gsinfy = ¢ cosfy, como en la ec. (??). Note que V' es una matrix
ortogonal que satisface VV? = VTV = 1. Si (ver ec. (77)),

(Igf ) = (iZ) 0 (iﬁ) =V’ (ng) (1.524)

entonces

1 2 _ / W3
Loan =5 (W B VV" (_5; / g%g) VT < BZ) (H? 4+ 20H + *)
Lz {VT ( s _g§/> V] <Zﬂ) (H? + 20H + 0°) (1.525)
8 —99" g Ay

9*+ 99" —929’—9’3> ( g g’)

+6%9' — ¢*9' —g99” +99°) \—9 g

_ P +99° —*d -9\ (9 ¢
F+g*\ 0 0 —9 g

2

2

g+ 977+ 9%+ gt Pg +99” — gPg — 99’3)
0 0

:(g Eg/ 8) (1.526)
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12

2
Lzam = (g g ) "7, (H2 +2UH+U2)

4

(% 1+tan GW) A (H2—|—2vH+v )

) Z'Z, (H* + 20H +0v*)

(2 cos Oy

1 2
gu ) MZM—I——< g ) Z,u,ZMHQ

2 cos Oy, 2 \ 2cos By

1
2
1
2
1
2
1
T2

AW
QCOSGW) Ve S

Retornando a la ec. (1.520), tenemos tenemos
Lwpn = (D'®) D,d — 2070 — A (01)
1
zéa“HayH —V(H)

1 _ 1 _

+ ZgQW“ W, H? + §vg2W“ W, H
1 g Y g Y
— zZr 7, H? AW: |

* 2 <2COSQW> pie (QCOSGW) ! g

1 1 1
+ ZmWW“ w4+ QmWW“ w4+ 2mZZ“Z

donde:
e Masas gauge:
gv gv
my = — m
W 2 Z 2 cos Oy
y o
mz
cos Oy
[ ]
V(H) %mHHQ—I—)\vH?’ INH?
1 m2, H2 3 Lmiy oy
—miy H —H
ettty T2
H

101

(1.527)

(1.528)

(1.529)

(1.530)

(1.531)
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con
m3; = —2p* = 2\0%, (1.532)
[ ]
w3 cosby sinby\ [(Z
p = n
(BM) (— sin @y, cos GW) (A,) ’ (1.533)
tal que
gsinfy = g cos Oy . (1.534)

1.16.2 Yukawa Lagrangian

In the Unitary gauge

‘CYukawa :hfezq)eR + hd@q)dR + hu@&SUR +h.c

:% [he(ezer + erer) + ha(drdr + drdy) + hy(Urug + Ugur)] x
[H () + v]
:% (hete + hadd + h,iu) [Hf)x) + 1} , (1.535)
definiendo
hyv
my = Vil (1.536)
tenemos
Lyukawa =meee + madd + myiu + %éeH + %Ed}[ + %auH : (1.537)

1.16.3 Fermion-gauge interactions

De la ec. (1.502) tenemos

Ltermion =1QV"D,Q + iLA"D, L + iegy"D,er + idpy"D,udr + Ury"Dyur - (1.538)
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Los términos de interaccion generados por la simetria gauge para el campo L son:
iLy"D, L — iLy"0, L =iLAy"(—igT,W,, —ig' YL B,)L
=LyM(gTyW, + gToW}? + gTsW) + ' YL B,,) L
T, 9 0 W+ 3 /
:Lfy“[—( _ “)—l—ngW +9¢YLB,| L
V2 \W, 0 H "
—- qg 0 W+ - 3 ’
=1 Ly"—= ( _ o ) L+ IA"\gT3W? + ¢ Y B, | L
\/§ I/I/‘u 0 |: M N]
- g 6LW+
=Lyt — F)1+LC
! V2 (VLWH > Azr
— 9 [Tyt etW,S + ey W, | + Lazr

V2
=Lwr+ Lazr, (1.539)
donde

Ly = [V_L'VMBLW: +ery' v W, |

Si=

Lazr =Ly* [gTsW2 + ¢ Y1 B, L (1.540)
Generalizando para todos los campos:

Lwr -2 [Ty e W, +ury"d W, +he] . (1.541)

V2

Usando la ec. (1.533)

Lazr =LAy* 9T5(ecwZ,, + swA,) + q Yi(=swZ,+cwA,)| L
:Z,yﬂ [ngcWZM + ngswAu — g' YLSqu + g' YLCWAM] L
=Ly" [(gewTs — g'sw Y1) Zy+ (gswTs+ g ewYr) A, L, (1.542)

donde ¢y = cos Oy, sy = sinfy,. Usando la relacion entre g y ¢’ (1.534):

_ s2
Lazr =LA" KQCWTg - QC—W YL) Z,+ (gswTs+ gswYr)A,| L
w

=gsw Ly" [(cot Ow Ty — tan Oy Y1) Z, + (T3 + Y1) A,] L. (1.543)
Como el generador asociado a A, debe ser el generador de carga eléctrica, tenemos que

e = gsin Oy (1.544)
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donde e es la carga eléctrica del electrén, y el generador de carga
Q=Ts+Y, (1.545)

de modo que

OL= (T3 +Y)L = (% 5) L= (8 _01) L. (1.546)

La ec. (1.545), se conoce como la relacién Gell-Mann—Nishijima, y establece la condicién que se debe
satisfacer para obtener apropiadamente la QED a partir de la interaccion electrodébil asociada al
grupo semisimple SU(2), x U(1)y. De esta forma

Lazr =eLy" (cot Oy T3 — tan Oy Y1) Lz, + effy“@LLAu
—eLy" [cot Ow 15 — tan Oy (@L — T3>:| LZ, + ef’y“@LLAM

———In" |7 — 25%,Q1| LZ, + eTy*QuLA, . (1.547)
QCWsW

Generalizando para los otros campos, tenemos

Lazr — E ¢ FAt [7’3 — 28%,[,@4 FZ,+ e?’y“@LFAH. (1.548)
2CWSW
F:QaL76R»dR7uR

Usando los acoplamientos gauge de los quarks con los gluones (1.413), de los fermiones con el
Wi (1.541) y con Z, y A, (1.548) para expandir Leermion en (1.538), tenemos

»Cfermion :ZG’VMDMQ + ZE'YMD/LL + Z.@’VMDMGR + i%’YMDudR + im’VMDMUR
=1y Oyur + Ry 0, uR + id_Lv”OMdL + i@v“@udR
+ tepyOuer, + iep"Oper + iy Oy
A% e — )\ )\
+ gs (W’Yu?UL + %’Y,LL?UR + dL'Yp?dL + dR’V;L?dR) GY
+ % [ﬁv“eLW: +E7“dLW: + h.c]

+ E ¢ FA* [7'3 — QS%V@L] Fz,
QCWSW
F:Q,L,ER,dR,UR

+e <@’YNQEGL + @’YﬂéjeeR
AT Quur, + TRy Quuun + dpy" Qady, + %’y“@ddbg) A, (1.549)

Para escribir este Lagrangiano en terminos de espinores de 4 componentes, tomemos algunos
casos especificos:
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v | d ] e
207 [ 1—3sin’ Oy | —1+3sin® Oy | 1 | —1+4sin® Oy
2ay 1 —1 1 —1

Table 1.3: Acoplamientos de corrientes neutras

vpyte, W, = UPpy" PreW,;
= ﬁy“PfeW;
= EVMPL€W:

1
= 557“(1 —y5)eW,r, (1.550)

Qv (7 - 25%Q0) Q — 258 Ty Quun — 253 Ay Qudr) 7,

. — 1—2s2,Q,, 0 u
- [(UL a) " ( 0 1o zs%V@d> (di)

288, Quuin — 2530 Qud] 7,
= {WV”UL — dpy*dy — 2s3y, [(U_L +UR) V' Qu (ur + ug) + (E + @) YQq (dr + dR)] } Zy
1 1- _
— [§ﬂ7“(1 — Y5)u — §d7“(1 —75)d — 23‘24, (ﬂy“@uu + dv“Qdd)} Z,
1 1 - 1 1
=uy" || = — QS%VQU ——yslu+dy" || —= — QS%VQd + -y de Z,
2 2 2 2
= [W7" (v, — auys) u+ dV* (vg — aavs) d] Z,,, (1.551)
donde
v =TY — 2sin? Oy Q; ay =T§s (1.552)
Los valores explicitos para vy y ay en el modelo estandar, estdn dados en la Tabla 1.3.

Usando las expresiones para pasar de fermiones L, R a los fermiones de Dirac de cuatro compo-
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mentes, y las ecuaciones (1.550), (1.551) tenemos

Lrermion =1uY" 0, u + zEv“@Md + ey Oye +ivpy o,

A? - X
+ gs (ﬂ’}/u?fu + d’}/u?d‘f‘) GZ

" QL\E [77"(1 = 35)eWF + v (1 — 5)dW,F +hee] + f:uzdzye QC;SI/V?’YM (vf —ass) f
+e (W‘@ee + " Quu + 37“@#) Ay
= > ifYOuf+ ) gmuqué‘
f=u,d,v,e q=u,d
v QL\E [77"(1 = y5)eW,; +uy"(1 — 5)dW,}" + h.c]
+ fz g I (0 = ap5) f
ve 3 FrsA (1:553)
f=u,dv,e

donde )y estan dadas en la Tabla 1.2 y vf, ay en la Tabla 1.3.

1.16.4 Self-interactions

El Lagrangiano gauge

Loange = — 3GH G, — iWi“”ij —1B"B,,
(1.554)
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se puede escribir como

EgaUge - %LFWFAW - %LZNVZHV - %(FJV)W(FW)W - }EGZLVGZV
— ie cot HW [(F‘;/)MVW:ZV — (FW)MVW,LL_ZI/ _|_ W/:W:_ZMV:|

e [(FJV)“”WJAV — (Fw)" W, A, + W;WJFW]

62

~ 2sin Oy (W, W) WEW W W] = e eot? by (Wi W™ 2,27 — W Z0W,, 27)
- 62 COt2 QW (ZW:—W/L_AVZV _ W:‘AMWV—ZV . W:Z“W;Ay)
_ 62 (W:W“iAVAV . W:A/.LWV—AV)

1~ i
1 (98G5”fadeGﬁGi + 9 S GGG, + g2 faae Gl GZGﬁGi) : (1.555)

donde

(FW),UJ/ :auW;r — (9,,W/j

G =Gy — 0. (1.556)
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1.16.5 Lagrangiano del modelo estandar para la primera generacién

Recopilando los resultados para Lwpr (1.528), Lyukawa (1.537), Leermion (1.

tenemos para f = v,,e,u,d; ¢ = u,d [con f' =e (d) para f = v, (u) ]

 2sin by

— e cot’ O (WSWH= 2,20 —WrZ'w, Z%)

— e cot® Oy (2WIWHTA,Z0 — W AW, 20 — W EZHW, A)
e (WIWH=A A" — W AW, AY)

1 ~ ~
1 (9:GE SaeGLGE + g, ™ GLGEC, + g2 ™ faa GRGLGLGE)

‘Cl gen — sz<7MaM B mf) f
!

— F" Fuy = 12" Zy — (R (Fw) — 1GAV G,
1 H 2
+ 10rHO, H — Equm (1 + =+ —)
_ 1 H H?
+ (m%VW“ W+ 5mZ’ZZ“Z,J (1 2+ ?)
+gquv ( > ¢ Ge + er’y“foA
va vr = ars) f 2

2 cos 0W sin Oy

+Z fffH

[va — 75 f'W,S +he

—jecot Oy [(FJV)ﬂVWjZV — (Fw)"™ W, Z, + W;WJZW}

e [(FJV)WW;AV — (Fw )™ Wi A, + WM‘WV*FW}

62

(W)t wwew |

4

553), ¥ Lgauge (1.555),

(1.557)
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1.16.6 Dinamica de sabor

El Modelo Estandar esta compuesto de las siguientes tres familias de fermiones ¢ = 1,2,3. A cada
familia se le asigna una carga de sabor diferente

v V¢ ot VT ,
Li=|"F): L= ("1 Lyo=|"1 Ly= ("1 et er, IR,
() w=() w=(h) m=() e
a uiLa . a U% a C% a t% i,
Qi - (dzLa) . Ql - (d%) QQ - <S%) QS - (b%) Up * UR, CR, ZSR

di - dr, sg, br. (1.558)

Con

1 1 2
Yi, = —= Yo, == Yo =—1 Y, == Yy =—

1.559
=3 (1.559)

Wl =

De los procesos entre familias, es decir de cambio de sabor, sabemos que
e No se han observado procesos de corrientes neutras que cambian sabor.

e Los bosones gauge cargados VVHi decaen siempre a leptones de la misma generacion y con la
misma intensidad.

Proponemos entonces el Lagrangiano
L= Z <@;7MDMQ; + Z;'YMDML; + @/WMDM‘?RM + @Ii’YMDMdRM + ﬁ/iVMDuuR/i>

- (h5Z;¢€R; + hﬁ@ééd}zg + hg@ﬁm}g; + h.c)
1 VXt 1 v
+ (D, @) DD — 1 20TD 4+ \(DTD)2. (1.560)
Para aclarar la notacién, obviando de momento la definicién definitiva de h;; y las primas sobre los
campos, consideremos el Lagrangiano de Yukawa para el sector down
L OhDdr;®'Q; +h.c
Dhﬁ@ieabéaQE +h.c
Dhgeabﬂi-l&)aQ?a +h.c

Shijea(dh,); 10" QY + e, (1.561)
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donde i, a, «,n son indices en los espacios de familia, SU(2), SU(3). y de Dirac, respectivamente.
Por ejemplo el primer termino de la sumatoria

1 ~
L 0 (dg,) 73 @' QT + -
ShPdg ¢ d; + . .. (1.562)

corresponde a la interaccién de Yukawa del quark down rojo (r) con un campo escalar complejo
neutro en carga eléctrica pero de isospin débil 1/2. En forma compacta la primera expresién en la
ec. (1.561) puede escribirse como (en el gauge unitario)

£ >dghPd'Q + Q. dh” dy
I 1.D H(x)+v ur,
D) dRh (0 T) (dL) + h.c

_H
S dph? (%) d, + h.c

Ddr—=H(z)d, +d —vd +h.c
x .

_h? —

La matrix 3 x 3 M? es en general una matriz compleja no diagonal, la cual se debe diagonalizar con
una transformacién biunitaria (de similaridad). Retornado a la ec. (1.560), tenemos que para definir
apropiadamente la masa de los quarks, rotamos de los autoestados de interaccién a los autoestados
de masa con la matrices unitarias

dri) = (VP dri, drr; = dro, (V2L (1.564)

Tal que

V2 (VP ik = G (VPN ME (VD) = mPoy (1.565)

Vi (MPMP) vE = (VE'MPVE) (VEIMPTVY)
:MﬁagM(gagT

= (MP,,)", (1.566)
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D D D

donde M2 = = diag(mP, mP m?P). Similarmente

diag
Ve (MP'MP) VR = (M2,,)°

Con definiciones similares para los campos u; y e;.

D
s hijv

TN

)

=dp, (V] T)’fiMi?(VRD )jtdRi

~— D
Zdemk Orid Ry

EYukawa D) d

/

D
=my, drrdRy
Para las diferentes combinaciones de términos de corrientes
— — Ut D
ury dr; =upy" (VE ke(V )adry
=Vurgy'dr,
) / — E
vryer; =y (Vg )ijeLj
5 (\FE e
=vr;(V )z‘ﬂ €r;
:V_Lj”Y“eLj

Donde hemos definido la matriz de Cabibbo-Kobayashi-Maskawa (CKM) como

v =vp

111

(1.567)

(1.568)

(1.569)

VIV =VPVIVITVE =12 N ViV =au = S ViVie=0a = Y IVilP =Y IVt =1
j J J J

y los autoestados débiles de los neutrinos como

.|.
vt = (VP )ivr,

(1.570)

(1.571)

Con esta definicion, las corrientes débiles cargadas para los leptones siguen siendo universales. Sim-

ilarmente
— / —_— UT U
ury ur; =upy" (V) ki(VE uur,
=0 ULy UL,

=ur Y ury

(1.572)
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De modo que todas las corrientes neutras permanecen universales después de la redefinicion de los
campos fermionicos. A éste resultado, basado en la unitariedad de las transformaciones biunitarias se
le llama Mecanismo GIM. En muchas extensiones del Modelo Estandar las matrices que transforman
los fermiones a sus autoestados de masa no son unitarias y dan lugar a corrientes débiles neutras que

cambian sabor (FCNC de sus siglas en inglés).
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Teniendo en cuenta estos resultados podemos escribir finalmente el Lagrangiano completo del

Modelo Estéandar en la Gauge Unitario, para

f:V57VH’ VT7€’/‘L’T7U7C7t’ d’sﬂ b; q:u’ C7t7d7 S7b; lz@?l’t?T

Lowi =) if (0, —my) f

f
—ipwE, 177, — L™ (F) — GGy,
1 H H?
1 2 2
+58“H8#H—§MHH <1+F+m)

1 H H?
2 —1x/+ 2

A ;
+g.> " (7) gGi+ed  [1"QrfA,
q !

e

2 cos Oy sin Oy

> s —ap) f 2,
7

9 I~ i
+ —2\/§ [; Vl’)/#(l - ')/5)ZW: + ; V;,]Un'}/'u(]. — 75>d]W: + h.c

+> “LirH
7

— e cot Oy [(FJV)“”WJZ,, — (Fw )W, Z, + W;WJZW}

e [(FVTV)WW:A,, — (Fw)"™ W, A, + W;WJFW}

62
 2sin? Ow
— e’ cot’ Oy (2WIWHTA,ZY — W AW, ZV — W, ZHW,; AY)
— e (WiWH=A,A” — W AW, A)

1 ~ ~
— 7 (98 Faac GG + 9. F G GL G, + 92 Fuac GLGLGAGE )

donde m,, = 0.

(1.573)

(W Wo)? = WhW W W] = e oot by (Wi W™ Z,2° — W, 20 W, 2°)

(1.574)
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1.17 Fenomenologia Electrodébil

El Lagrangiano del Modelo contiene los pardmetros g, g, sin 6y, v, my. Alternativamente uno puede
escoger como parametros, en lugar de g, sin Oy, v [?]

Gp = 1.166371(6) x 107° GeV 2
o~ = 137.035999 679(94)
my = 91.1876(20) GeV
as(mz) = 0.1176(20) . (1.575)

donde a; = g2 /(47). Esto tiene la ventaja de usar las tres cantidades experimentales mejor medidas.
Las relaciones

2

miy T

sin? @y =1 — —2~, m2, sin® Oy = 1.576
v my, v v V2GF ( )
determinan entonces
sin? @y =0.212
my =80.94 GeV (1.577)
Si se usa a(My) ~ 1/128 entonces
sin? Oy =0.233
my =79.84 GeV (1.578)

Los valores medidos son sin? fy, = 0.23149(13), my = 80.398(25) GeV, y pueden ser reproducidos por
el modelo estandar una vez se tienen en cuenta correcciones perturbativas inducidas por particulas
virtuales.

El acelerador ete™ LEP, que funcioné hasta desde 1998 hasta el 2000 [?], oper6 a energias su-
ficientes para producir millones de Z. Combinado con otros resultados experimentales, se pudo
verificar todo el Lagrangiano del Modelo Estandar hasta un nivel del 1 por mil. Con excepcion de
las interacciones asociadas con el Higgs.

La universalidad de los decaimientos del Z esta soportada por los resultados experimentales
siguientes donde sélo se muestran los decaimientos lepténicos del Z diferentes de cero [?]

[(Z —ete ) =83.92(12) MeV  T'(Z — ptp~) = 83.99(18) MeV  I'(Z — 777 ) = 84.08(22) MeV
Br(Z — ete”) = 3.363(4)%, Br(Z — ptp~) = 3.366(7)%, Br(Z — 7777) = 3.370(8)%
(1.579)
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Mientras que para el W+, en %,

Br(W~ — 7.e”) = 10.65(17), Br(W~ — p,u~) = 10.59(15), Br(W~ — o7 ) = 11.44(22)
(1.580)

La diferencia de v,7 respecto a los otros representa un efecto a 2.80. La universalidad de los
acoplamientos leptonicos de W puede comprobarse también indirectamente a través de los decaimien-
tos débiles mediados por corrientes cargadas. Los datos actuales verifican la universalidad de los
acoplamientos de corrientes cargadas leptonicas al nivel del 0.2% [?]. Sin necesidad de entrar en
detalles de los célculos de las amplitudes de decaimiento, podemos usar el hecho de que ellas son
proporcionales a los acoplamientos al cuadrado correspondiente, de modo que un cociente entre am-
plitudes de decaimiento es igual, en primera aproximacion, a los cocientes de los acoplamientos al
cuadrado. Tendremos en cuenta ademas que el Branching es la amplitud de decaimiento a un canal
especifico divido por la suma de las amplitudes de decaimiento a todos los canales posibles.

Para los decaimientos del Z el Modelo Estandar predice, ademas de la ausencia de eventos del
tipo Z — et ™, que para un cierto l = e, u, 7,0 ¢ =d, s,b

Br(Z —1*17) _ (|oi)® + |a]?)
Br(Z = qq)  Ne(|vg|* + |ag]?)
(4 +25in00)" + 1]

N (=4 + Feint o) 4]

0776 0.338 N,=2
~ N =0225 N.=3 (1.581)
¢ 0.169 N,=4

Para ser comparado con el resultado experimental de por ejemplo

Br(Z —efe™)  3.363(4)
Br(Z —bb)  15.12(5)

~ 0.222 (1.582)

que de nuevo da lugar al N, = 3, que seguiremos tomando en adelante.

Los Branchings de decaimiento en la ec. (1.580) y ec. (1.579) pueden ser calculados sin entrar en
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detalles del célculo de las amplitudes. Teniendo en cuenta que el canal Z — tt esta cerrado

Br(Z —e'e) = L(Z = eter)
Liotal
. (|U6|2 + |ae|2)
Sul(onf 4 laaf?) + (fon 2 4 law [2)] + Ne[32 (v 2 + aw,2) + 320, (Joa[? + laa, |2)]
(lve]” + lac[?)

3[(Jvel? +fael?) + (o 2 + lav,

_ (feef? + o)
21 acl* 4 3[|vel* + |vy. [°] + 3[2[vu]* + 3|val?]

B (—1+4s%0w)? + 1
21+ 3[(—1 + 4520w )% + 1] + 3[2(1 — $520)? + 3(—1 + 35%0w)?]

. 2- 8520y + 1650y,

42— 80520 + 20540y,

~ 3.43% (1.583)

)+ 312l + lau[?) + 3([val* + |aal?)]

Para W¥ tenemos por ejemplo
W= = pe)

Br(W™ — v.e”) = T
total

(1.584)

donde, teniendo en cuenta que los canales a top estan cerrados, y usando la condicién de unitariedad
de la matriz CKM en ec. (1.570), tenemos

Piotar = Y T(W™ = 5l7) + No Y _[L(W™ = tund;) + T(W™ — tiad;)]
l )
=D(W™ = e ) {3+ N D [IViil* + Vil 1}

=I(W~ = 7.e7)(3+2N,)
(1.585)

entonces

1
Br(W™ — pee”) = ST oN

= 11.1% (1.586)

Una mejor prediccién de dichos resultados en el contexto del Modelo Estandar requiere tener en
cuenta las correcciones radiativas.
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El ME también tiene una prediccion concreta para la amplitud del Z a neutrinos, I'j,y:

T S T(Z = 0iy)
I, TI(Z—=ete)
 NJI(Z = D)
- D(Z = ete)
_ No(lvw* + lav.|?)
[ve|? + |acl?
2N,
(=14 4sin? Oy )2 + 1
_|5.865 N, =3
T 17819 N, =4

(1.587)

mientras que el valor medido experimentalmente para esta cantidad 5.942(16) [?], es una evidencia
muy fuerte de que sélo exiten tres neutrinos livianos.

1.17.1 Decaimientos débiles mediados por corrientes cargadas

De la corrientes cargadas para leptones tenemos

Lo =TS 00" (1 = ) IW + 14 (1 = 35 0V, (1.588)
2V2 |5

Esto da lugar a los posibles diagramas para decaimientos de leptones a bosones virtuales, y bosones
a leptontes mostrados en la figura 1.11. Las flechas representan el flujo de nimero leptonico. La
flecha de tiempo es de izquierda a derecha. Al lado izquierdo del vértice entran particulas y salen
antiparticulas. Mientras que al lado derecho entran antip articulas y salen particulas Del primer y
cuarto diagrama obtenemos el diagrama de Feynman para el decaimiento = — v,e” 7., mostrado
en la figura 1.12 El propagador para el bosén W de momentum ¢ resulta ser

~ 1 QuQy
Dy=————- y — & . 1.
P =, <9“ m%v) )

Para los propositos actuales la obtenciéon de este resultado no es necesaria, el punto importante es
que cuando los momentum de las particulas iniciales y finales son mucho mas pequenas que myy,
esto se reduce a

D,y =~ (1.590)

2
myy
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oyt (1 =)W, (1 =)W, .
" - " oy (1 =) IWE Iy (1 —ys)uW,,

Vi

Vi

W+ — I+

Figure 1.11: Diagramas de Feynman para las corrientes cargadas

Figure 1.12: diagrama de Feynman para el decaimiento = — v,e” 7,



1.17. FENOMENOLOGIA ELECTRODEBIL 119

Este resultado se entiende facilmente cuando se compara con el propagador de una particulas escalar
masiva 1/(¢*> — M?) — —1/M?. Las componentes espaciales de W, con p = 1,2, 3, a bajas energfas
tienen el mismo propagador que el de una particula escalar, mientras Wy, tiene el signo opuesto.

El Lagrangiano efectivo para el decaimiento del muén, u~ — v,e” 7, es entonces

2

9% G

L =3 (1= s)u] _m#%v ey’ (1 — vs5)ve]
2

9 i _ v
=g " (L= ys)u] [er" (1 = s)ve]
w
Gr o )
=7 [ (1 = )] [Evu(1 — )] (1.591)
donde
Gr_ ¢
V2 8miy
g%4
8gv?
1
=53 (1.592)
y

v = <\/§GF) o (1.593)

De otro lado, para el decaimiento 3, n — pe~v,, de acuerdo a la figura 1.13, tenemos

L= G—g [Py (1 — 1.2675)n] [Ev,(1 — )] - (1.594)

con G dado en la ec. (1.575) y G5 = 1.10 x 107°GeV?. La corriente hadrénica tiene la forma

V—-1.26A. El factor 1.26 puede entenderse como debido a las correcciones a nivel hadrénico de una
corriente que es de la forma V—A a nivel del quarks, como en la ec. (1.574). A nivel de quarks el
decaimiento del neutrén (udd) al protén (uud) corresponde al decaimiento de uno de los quarks down
del neutrén d — ve v,

Gr

L= ﬁvﬂ [y (1 = v5)d] [e7,(1 — 75)ve] - (1.595)
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pyH(1 — 1.26’y5)an+

ey (1 — s )veW,,

Figure 1.13: Decaimiento del neutron.

De modo que Gg = GpVi1 = Gpcosfc, donde O¢ es el angulo de Cabbibo. Una vez se tienen en
cuenta correcciones electrodébiles se obtiene el valor |Vi;| = 0.97418(27)[?]. Las magnitudes de los
elementos de la matriz CKM son|[?]

0.97419 0.2257  0.0359
Va| 02256 097334 00415 | ~1 (1.596)
0.00874 0.0407 0.999133

1.18 Calculo de procesos



Chapter 2

Computational QFT

There are several tools which allows for the generation of models of particle physics models like
LanHEP [19]

http://theory.sinp.msu.ru/~semenov/lanhep.html,
or FeynRules [20]
http://feynrules.phys.ucl.ac.be/.

This kind of programs are able to generate the output required for other programs which make
the calculation of Feynman diagrams and integration over multi-particle phase space. CalcHEP:

http://theory.sinp.msu.ru/~pukhov/calchep.html

for example, is able to calculate cross section and decays widths at tree level.
In this chapter we will illustrate the use LanHEP+CalcHEP

2.1 LanHEP

After download the source code from the http://theory.sinp.msu.ru/~pukhov/calchep.html to
some DIR,

e Note that the tar.gz file name depends on the current version. At the moment of this writing
this was lhep311.tar.gz. To directly download this file use:

$ wget http://theory.sinp.msu.ru/"semenov/lhep3ll.tar.gz
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where \$ is to indicate that the command is to be written in the shell of your Linux session’.
To uncompress the file:

$ tar -zxvf DIR/lhep3ll.tar.gz

e Go to the created directory
$ cd lanhep311

e To compile and create the executable of the program (1lhep):

$ make

The input of LanHEP are files were the Lagrangian of some model is written in a symbolic way.
Then, the LanHEP executable process the input files and generates four outputfiles which are the
input for the CalcHEP program. For example, in the LanHEP dir

$ ./lhep stand.mdl

Here ./1lhep command, search for the file in the defaul directory mdl/stand.mdl. If there are no erros
printed, for files are created:

1s *4.mdl
func4.mdl lgrng4.mdl prtcls4.mdl vars4.mdl

2.2 CalcHEP

The installation of CalcHEP is similar. In Ubuntu you must be sure to have 1ibx11-dev package, in
addion to the C and Fortran compilers:

$ sudo apt-get install libxll-dev build-essential gfortran

In the CalcHEP directory:
$ make

To use CalcHEP you must first create a directory with the required files. This is achieved with
the CalcHEP command

! An introduction to scientific computing is at http://gfif.udea.edu.co/cf
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$ ./mkUsrDir YourModel

A directory YourModel is created with several files and directories inside. By default, a models
directory is created with two set of .md1 files, corresponding to two versions of the Standard Model:

$ 1s YourModel/models/
funcl.mdl 1grngl.mdl prtclsl.mdl varsl.mdl
func2.mdl 1grng2.mdl prtcls2.mdl vars2.mdl

From the YourModel directory in CalcHEP, run the command

./calchep

A new window must appear with the info of CalcHEP and the loaded models in YourModel/models.
To navigate through this window, use the arrows keys and the <ESC> key to navigate back into the
menus.

2.3 LanHEP/CalcHEP

The sample .mdl files in the mdl directory of LanHEP must be modified in order to generate the
proper CalcHEP input files. From the LanHEP directory

$ mkdir sm

$ cd sm

$ wget --no-check-certificate \
https://github.com/rescolo/LanHEP/raw/release/sm/sm.mdl

$ wget --no-check-certificate \
https://github.com/rescolo/LanHEP/raw/release/sm/sm_tex.mdl

$ ../lhep sm.mdl

The four CalcHEP input files:
funcl.mdl 1grngl.mdl prtclsl.mdl varsl.mdl

are then created.
From CalcHEP directoty:

$ ./mkUsrDir sm
$ cd sm/models
$ rm *

then copy the *1.md1 files to the sm/models, and from the sm CalcHEP directory run ./calchep.
In order to understand the structure of the LanHEP files consider the following skeleton:
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1 model ’MODEL NAME’/N.

2 % The coments are either this way
3 /% or this other way */

5 use file_tex.

7 prtcprop pdg.

9 prtcformat fullname:’ Full Name ’,

10 name:’ P 7,

11 aname:’ aP ’,

12 pdg:’ number ’,

13 spin2, mass, width, color, aux,
14 texname:’> LaTeX P name <’,

15 atexname:’> LaTeX aP name < ’.

16

17 parameter VAR = VALUE : ’Description’.

18

19 particle_type

20 particle/Antiparticle: (’name’, property name=VALUE, ...).
21

22 lterm Write here the Lagrangian in a LaTeX--like format
23

24 prtcprop pdg: (Particle=PDF code,...).

25

26 SetEM(A,EE). %check charge conservation

27 CheckHerm.

In line 1, N is an integer that will identify the four output files. The file in line 5 will contain the
ETEX definitions of the used particles. In lines 7-15, the format of the table prtclN.md1, as required
by CalcHEP, is defined: A new column with the PDG number for the particle. In line 17, the general
form to declarate a variable is established, while the lines 19-20 are the generic declaration for a
particle. The final commands in 26 and 27 is to check the consistency of the defined model. As a
simple illustration consider the simple case of QED:

model ’QED: e, mu tau’/1.

use qed3g_tex.

prtcprop pdg.
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%prtcl.mdl is one of the output files of LanHEP. To make
% it compatible with CalcHEP we need to change their format
% to include the PDG particle number in the third column

prtcformat fullname:’ Full Name ’,
name:’ P 7,
aname:’ aP ’,
pdg:’ number ’,
spin2, mass, width, color, aux,
texname:’> LaTeX P name <’,
atexname:’> LaTeX aP name < ’.

parameter EE = 0.31333 : ’Electromagnetic coupling constant (<->1/128)°.

vector
A/A: (photon, gauge) .

spinor el:(electromn),
e2: (muon, mass Mm = 0.1057),
e3: (’tau-lepton’, mass Mt = 1.777).

% fermion interaction with gauge fields

lterm anti(psi)*gamma*(ixderiv - EE*A)*psi
where

psi=el;

psi=e2;

psi=e3.

% gauge bosons Lagrangian

lterm -F**2/4 where
F=deriv "mu*A"nu-deriv nu*xA mu.

%set PDG particle numbers:
prtcprop pdg: (A=22,el=11, e2=13, e3=15).

SetEM(A,EE) . %check charge conservation
CheckHerm.
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where the required file qed3g_tex.mdl is

SetTexName([el=e,E1="\\bar{e}’]).
SetTexName([e=e,E="\\bar{e}’]).
SetTexName([’el.c’=’e"c’,’El.c’="\\bar{e}"c’]).
SetTexName([’e.c’=’e"c’,’E.c’=’\\bar{e}"c’]).
SetTexName ([e2="\\mu’ ,E2="\\bar{\\mu}’]).
SetTexName ([e3=’\\tau’,E3=’\\bar{\\tau}’]).
SetTexName ([m="\\mu’ ,M=">\\bar{\\mu}’1).
SetTexName ([1="\\tau’,L="\\bar{\\tau}’]).

SetTexName ([EE=e]) .

SetTexName ([Me="M_e’, Mm="M_\\mu’, Mt="M_\\tau’]).

Running with the option -tex:
../lhep qed3g.mdl

the following output is generated

e lgrngl.tex

Fields in the vertex | Variational derivative of Lagrangian by fields
éa € A, —e b
Ha b Au —€- ’ygb
To To A, —e -k
® prtclsl.tex:
P aP | Name Spin | EM charge | Color | Comment
A, A, | photon 1 0 1 gauge
e, €, | electron 1/2 1 1
[ta [lg | muon 1/2 1 1
T Ta | tau-lepton | 1/2 1 1

® varsl.tex

Parameter | Value Comment

EE 0.31333 | Electromagnetic coupling constant (1/128)
Mm 0.1057 | mass of muon

Mt 1.777 mass of tau-lepton
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CalcHEP - a package for Calculation in High Energy Physics
Version 2.5.6: Last correction May 27,2010

Hain author: Alexander Pukhow(Skoheltsyn Institute of Huclear Physics, Hoscow)
Batch mode : Heil chistensen (Hichigan State Uniwversity)
PYTHIA interface and testing:flexander Belyaev(University of Southampton)

For contacts: email: <pukhov@lapp.in2p3.fr>
http: //theory. sinp.msu. ruf ~pukhov/calchep.html
The BSHs for CalcHEP were dewveloped in collaboration with:

G.Belanger, &.Belyaev,F.Boudjema, &. Semenov

The package contains codes written by:
H.Donckt, ¥.Edneral ,V.Ilyin,D.Kovalenko, &. Kryukov, G.Lepage, &. Semenov

Press FU or click the box helow to get

| References and Contributions |

This information is awailable during the session by means of the F9 key

Figure 2.1: CalcHEP welcome window

With the command
$ ../lhep qed3g.mdl

the same files are generated by in the format of CalcHEP.
parameter is for constants to be exported to tables, while let is only for internal LanHEP variables.
In CalcHEP

\$ ./mkUsrDir ged3g

\$ cd ged3g/models

\$ rm *

#copy the files: funcl.mdl, lgrngl.mdl prtclsl.mdl, varsl.mdl here
\$ cd

\$ ./calchep

The window in Fig. 2.1 After hit <Enter>, the window with the model should appears as shown in
Fig. 2.2 To test that the model was loaded without errors:

QED: e, mu tau -> Edit Model -> Check Model

A message with The model is OK, should popup.
After returning to the model window in Fig. 2.2, we could calculate some process:

QED: e, mu tau -> Enter Process

and enter the process e1,E1 -> e2,E2 (efe” — ptp~) as shown in the Fig: 2.3 After <Enter>, the
window to calculate the process should appears, as in Fig. 2.4 In addition to View diagrams, we can
calculate the process with the sequence
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QED: e, mu tau
IHPORT OF MODELS

Figure 2.2: CalcHEP model window

el,E1 -> e2,E2|0

Figure 2.3: CalcHEP process window



2.3. LANHEP/CALCHEP

Sgquaring technigue
Hrite down processes

Figure 2.4: CalcHEP calculation window

Squaring technique -> Symbolic calculations -> C-compiler

129

Then a new window with the process details should appears, as displayed in Fig. 2.5 After adjust
the input parameters at your convenience, we could just calculate the process with, in this case:
Easy 2-2, to obtain the result displayed in 2.6 e.g, for center of mass energy of 14 TeV (7 TeV per

beam) we could have:

olete” = puTpu™)=5x10""pb

(2.1)

e Exercise: Repeat the previous calculation, but for one center of mass energy of 200 GeV.

For the Standard Model the Yukawa Lagrangian that couple the down fermions with the boson

scalar is written in the interaction basis:
~Ly ~ D'MpPrD'H + h.c,
with D' = VD, we can write the eq. (2.2) in the mass eigenstates as
~Ly ~ DME*PrDH +h.c

where
MEe = vV MpVT

Investing the equation 2.4 and replacing in (2.2) we can write in the interaction eigenstates:

—Ly ~ (D'VH(MEVYPrD'H 4 h.c

Expanding we get . . . which is just the expresion in the Standard Model file

(2.2)

(2.3)

(2.4)



130 CHAPTER 2. COMPUTATIONAL QFT

IN state

Hodel parameters
Constraints

QCD coupling
Breit-Higner

Cuts

Phase space mapping
Vegas

Generate events
Easy 2->2

Figure 2.5: CalcHEP calculation window

Change parameter

Set precision
Cosl3iimin) = -0.999000
Cosl3{max) = 0.999000
Angular dependence
Parameter dependence
sigma*v plots

Figure 2.6: CalcHEP results window



Chapter 3

Second quantization

Two key ingredients to formulate the Quantum Field Theory (QFT) are the quantization of systems
in which the particles can be created and destroyed (quamtum theory of radiation) and the behavior
of relativistic systems. When both ingredients are present the particles can be understood as the
excited modes of certain field. When the particles in a system are not relativistic, the formalism of
creation and annihilation operators is just an alternative method to describe the Hamiltonian of the
Schrodinger equation. In relativistic systems however, the existence of negative energy states force
the construction of new quantum states, the Fock states, in order to have proper defined probabilities
for the states of the system. In section xx we start by building the Fock states associated to a massless
not relativistic scalar field. Then we generalize the results to a massive scalar field satisfying the
Klein-Gordon equation.
Some parts of the discussion were based in some topics of chapters 4-6 of [2].

3.1 Quantization of the nonrelativistic string

3.1.1 The clasical string

In conventional quantization the energy of one state is interpreted as the possible eigenstates of an
Hamiltonian operator acting on the states of the system.

H|State) = E|State) (3.1)

One step further is to consider the wave function as the eigenstate of the operator-field acting on
certain Fock states

®|Fock State) = ®||Fock State) (3.2)

131
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Like that usual quantum mechanical observable, the wave function will have an uncertainty. The
Fock states are the states under which the classical wave function can be obtained with a small
uncertainty

® + A® = (Fock State|®|Fock State) (3.3)

This happens when the number of quanta of the Fock state is big enough. In fact, a state with a
definite number of quanta has a infinity uncertainty [10].
Eq. (3.2) is the basis for the calculation of cross section and decay widths in quantum field theory.
Now we will study how to define a such Fock state for a scalar field.
We have already see in Chapter 1 of [I] that a string have a collective wave motion that is
described by a continuous field, which satisfies the familiar one-dimensional wave equation
1 0% 0% B
v2 Ot2 022
This equation can be derived following two different paths. The first is to decomposing the string
into individual oscillators for which the usual Lagrangian formalism can be used. The second is just
by formulating certain Lagrangian density from which the equation of motion can be obtained by
using the Euler-Lagrange equation

(3.4)

0, [afa—f@] - % =0. (3.5)

In the first approach the string is considered to be composed of N oscillators coupled together by
springs with a spring constant k. At certain time ¢, the displacement of the oscillator ¢ at time ¢
is represented by ¢;(t). In Table 3.1 it is displayed the corresponding macroscopic quantities. Note
also that 1/v? = pu/T. Tt is worth to stress that at the Lagrangian level, which is the sum of each

micro macro
l L = NI
m w=m/l
k T =kl
¢i(t) = ¢(zi,t) | ¢(z,1)

Table 3.1: From micro to macro

individual oscillator Lagrangian, it is the sum of the kinetic and potential oscillator energy. However,
the Lagrangian density only have the kinetic term for the scalar field

=1 (%a%am + a%am)
2 \v
— 10r90,0. (3.6)

v—c=1
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Note that only in the case v = ¢ this Lagrangian can be written in a covariant form. Moreover, the
scalar field ¢(z,t) have nothing to do with the individual oscillators. An specific solution for ¢(z,t)
would represent one specific oscillation mode of the string. It turn out that this specific frequency
mode corresponds to an particle state, that does have not connection with the physical particles in
the string.

The most general discrete solution to the wave equation (3.4) is the Fourier decomposition

e ilnt=hn2) y g gilont—kn2)) (3.7)

v
o(t,z) = Zn: oL (an
where the dispersion relation is
w2 = v’k? (3.8)
where w,, is definite positive:

wn = F[v]v/ Tk (3.9)

To satisfy the boundary conditions we must have

k= 2%” (3.10)

Note that
k_pn=—k,. (3.11)

Therefore
Wep = W, - (3.12)

In three dimensions and with v = ¢ = 1, the Lagrangian can be written as
L=10"¢0,¢ (3.13)

This Lagrangian is still covariant after the addition of a function of ¢. An interesting case is just the
addition of the mass term the most general solution to the Klein-Gordon equation is

L= 10"¢0,¢ — tm?¢® (3.14)

)
which give to arise to Klein-Gordon

(0,0 —m*) ¢ =0. (3.15)
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We now will check the origin of the normalization factor. For simplicity we work with one spatial

dimension. By using eq. (3.7)

Bet) = 3 o=l dn(at) +05,6,(5,0)]

S
[ETV2[E]!
=E2[a]

] = dl

] = (B
we define

1 A
an(z,t) = —e_l(wnt—k’nz)

VL

y las funciones ¢,, satisfacen las siguientes condiciones de normalizacion

L 1 L ) )
[ it (est) = [zt mtentrs
0 L 0

1 L
:Z / dz exp{z’[(wn - Wm>t - (kn - km)z]}
0
i (Wn—wWm L
R : ! / dz e~ Wkn—km)z
L 0

When n=m

L 1 L
dz ¢, m\<,l) =7 d
| azoinonzn— [ a

=1

For n # m, 2(n —m) is an even integer and then

ei(wn—wm)t e—i(kn—km)z L

L
dz ¢y, t)om(z,t) = :
ei(wn—wm)t 1

L —i(kn — k) (e

0

=0

—2r(n—m) _

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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In this way
L
/ 0z 6% (2 )6m (2. 1) = G (3.23)
0

Moreover .

| 42600 00m(210) = 802 (3.24)
0
En tal caso de .
H= / Hdz. (3.25)
0

From the analysis of the Theorem of Noether in chapter 1 of [1] we have, that in a similar way to the
usual Lagrangian formulation, where the canonical conjugate variable is used to define the Legendre
transformation

H=pj—L, (3.26)

the Hamiltonian density can be obtained from the Lagragian density trough the Legendre transfor-
mation

H=T = a—gq's — L (3.27)
(e )‘%a(t Y _r (3.28)
where
oL
I(z) = RN (3.29)

is the canonical conjugate variable (conjugate momentum) of the canonical variable ¢(z).

We have then,
1 [t 9909 L 9¢ 06
H_ﬁ/od 8tat+ /Odazi?z

=S wala, (3.30)

n=—oo

[—iwnan ¢n(z,t) +iwnay, ¢r,(2,1)],

TP Do
= Z W” [an ¢n(z,t) — a;, ¢7,(2,1)] (3.31)

n=—oo
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oo

1 a¢ 8¢ —WpWm * %k * *
el > SN [an @n(2,1) — ay, ¢ (2, 1)) [am dm (2, 1) — ay, ¢ (2, 1)) (3.32)
G —WnWm * * * * * % Ik Ik
- Z W [anam¢n¢m - anam¢n¢m - anam¢n¢m + anam¢n¢m] (333)
o 00
a_f :n_z 2;@ [ihintn b (2, ) — ikna’, 67 (2,1)]
= Z 2\/— an ¢n(za t) - a; ¢:,(Z7 t)] ) (334>
e e N . .
az az Z ﬁ [an gbn(’z?t) — ay ¢n(zﬁt)] [CLm ¢m(2,t) — Oy ¢m(zat>] (335)
= _U2knkm * * * * * ko Lk Kk
- Z W [anam¢n¢m - anam¢n¢m - anam¢n¢m + anamd)ngbm] (336>
Using egs. (3.23), and (3.24)
Z / anam¢n¢m - azam¢z¢m - &na;¢n¢:n + azain¢;¢jn]
—v k k * * * * * %k kL k
+ . Z / (,U [anam¢n¢m - anam¢n¢m - anam¢n¢m + anam¢n¢m]
:l i Wt [ a e Zont 0 O — AnG Onm + a5 a8 e%w”t}
__mQ\/m nmnm nAmOn.m npyOn.m nAmOn,—m
1 = —0%knkn, , .
+ — Z [ GO —m€ 2t — a8 — QY Oy + ala’ Oy, _memw”t]
Zm ; n ; mYn, nYmUn,
1 . —WpW-—n —2iwnt + WpWn ( * + *) WnW—n * % 2dwnt
== T /———anant = n n I — — "
2~ 2w, 21/ Wntn nfn T Any 2,/wnw_na"a n®
1 —0*k, ki —iwnt nkn * * knk_n o o it
-+ 5 {manane + W(anan + anan) - man(zf”e (337)
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Since w,, = w_, and k, = —k_,

I - 1 4

25 Z —2 (—w? + k) anane” " + (W2 + v°k2) (akan, + anal)
Wn,

+ (—w? +

Finally, using eq. (3.8)

Vk)arat,e* ] (3.38)

o0

H= 5 Z wn(ayan, + agay) (3.39)

n=—oo

Since a, and a;, are classical quantities that commutates, the Hamiltonian is

H = i Wnay = i Wnlan? (3.40)

n=—oo n=—oo

In this way, the factor v/2w, in eq. (3.16), is a convenient choice of normalization for the coefficients
a, which guarantees the Hamiltonian.

To quantize the string, we need to promote H to an operator. In canonical quantization we need
to identify the proper conjugates variables. For this purpose it is convenient to write eq. (3.40) as
the Hamiltonian of an harmonic oscillator.

3.1.2 Quantization of the string

This Hamiltonian can be rewritten as a sum of independent oscillators Hamiltonians. Consider an

harmonic oscillator of frequency w. The equation of motion for F' = —kq is
k
q+—q=0
m
G +w?q =0 (3.41)
with
k
2
= — 3.42
W= (3.42)

This equation of motion can be obtained from the Lagrangian

L=T-V =-[m§* — kq*] (3.43)

51
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And the Hamiltonian can be obtained from eq. (3.26)

H =pg—L
2 1 2
)
m 2m
1 i 2 2
25(—+qu>

(3.44)

For a set of independent oscillators we have

H=3" 0 (0 + mied)

1 muw
H= N 2 g2 3.45
S (it 5t (3.45)

Comparing eq. (3.45) with Eq. (3.40) we see that the complex number a,, can be written as (A= 1)

Ap =C1qp + 1CaPp (3.46)
apay, = g, + 3Py (3.47)
mwy, mwy, 1
Cl = et Co = 348
! V2 2muwy, 2 2mw,, (3.48)
MWn(n + 1 Py,
Ay =
2muwy,
* mwngn — an
a, =————
2mwy,
(3.49)
mwy, 1
an + a, =2 n = V2mw,q, = = a, + a,
v/ 2mwy, q q a 2mwn, ( )
21 14/ 2muwy, 1mwy, .
a, — a, = D = D = D = — (a, —ay) (3.50)

2muwy, mwy, 2mwy,
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In quantum mechanics the classical objects ¢, and p, are promoted to operators which satisfy the

commutation relation

(G D] =i6mn (@0, @3] = [n: ] =0
This implies that the objects a,, and a}, are also operators

SN _imwn,
ny Pm]| = an> am

I (G ] — 20, al) + [l al])

2/ mw, mw,,

If the operators @, and @ satisfy the commutation relations

— [@n.al) + [}, @] + [a], 3}, ]}

[quﬁm] = -

[am/\In] 5n,m [awam} - [A:rw/jn} 0’

then we recover equations (3.51). The scalar field is now an operator

—ilwnt—knz) | gt 6i(wnt—knz)}
n

Y

~ v .
"X

In terms of operators @, and @' the Hamiltonian from eq. (3.39) can be written as

[e.9]

~ 1 o

n=—oo
(e 9]

L5 ()

n=—oo

- i Wn (a*an+ ;)

n=—oo
Since

i wn%—>oo,

n=—oo

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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it is convenient to renormalize the Hamiltonian as

:ﬁ::iwn(&\ ) %

n=-—o00 n=-—00

= Z W a, (3.57)

n=—oo

This procedure is consistent since the related physics quantities arise from energy differences, no
from absolute energy determinations.

~ s R 1\
[Haam] = Z Wn [(GLQn 5) ,am:|

-y w [a;an,am} (3.58)

By using the identity
[AB,C|=1[A,C] B+ A[B,C] (3.59)

we have

= — Wy (3.60)

:wmaT (3.61)
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If |m,,) is an eigenstate of H with eigenvalue E,
H|m,) = E,|my) (3.62)
then

Hanm,) = (anﬁf _ wn6n> I772)

(En —wn) a:n|7nn>

(3.63)
an|m,) is also an eigenstate with eigenvalue E,, — w,. Moreover,
Hal|m,) = (aiﬁ + wnd\w I172)
= (Ep + wy) a\mmn>
(3.64)

allm,) is also an eigenstate with eigenvalue B, + w,.
As stablished in [/]

In other words, the operator @, seems to annihilate a quantum of energy, of amount hw,,,
from the state. On the other hand, @ j@ creates a quantum of energy hw,. In this sense,
they are the are the annihilation and the creation operators, respectively. |[...]

The ground state can be denoted by |0) = |0,,). Since this is state of lowest energy, the

annihilation operator a L, acting on it, cannot produce a state of lower energy. Thus, this

state must be totally annihilated by the operation of @,:

,|0) =0
(olat =0, (3.65)

such that
(0j0) =1 (3.66)

The energy if the ground state can be fixed to zero:

. H : |0) =0. (3.67)
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We define the state whose energy is larger tha the energy of |0) by one quantum fw, by
|15) =a,[0)
(Ln| =(0a, (3.68)
|1,,) is an Hamiltonian eigenstate of energy w,,:
H: 11,) =wnal an|1,)
= wp|1y,)
=w, - 1|1,), (3.69)

where we have made explicit that we have a quantum of energy hw. The normalized state is
<1n‘1n> :<0|ana\n|0>
=(0] [a.a}) 10)

=(0[0)
=1. (3.70)
Similarly, the state with energy 2hw is
1 2
4) _
a 0) =2,
75 (a1) 10) =l2)
1
0— (@,)* =(2,, 3.71
0= @) =(2. (3.1)

with normalization

(2al22) =5 03,32 110)
=S {lanat 1)
= (] [aal] +alai1)
=5 ({111, + (0]0)
=1, (3.72)
By induction we get
—— (a1)"10) =Im.) (373)
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From here we have

Ve

V(m—1)! 1 SR B

T T (@) 10 =)
A — 1) =lm)

all(m—1),) =vm|m.,)
Eil|mn> =vm+1|(m+1),)

or,

(myla, =vm+ 1{(m+1),|

From this expressions we can check that number operator can be defined from:

<mn |EL\nEL\L|mn>

(ma|l +ala,m,) =(m+1)
(|1 + Nop|my) =(m + 1)
In this way, the number operator as
N, =ata,

If J\Afn\mn> = c|m,), where ¢ must be real because ./\A/'n is Hermitian

l4+c=m+1
and

/\A/n]mn> = my|m,)

(m 4+ 1){((m+ 1),|(m+1),)
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(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)
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From here, we can calculate the eigenvalues of @,,. Since

N, = [ﬁn, an} AN,
- [a;,an} n + AN + @1 [Gn, G
——a, +a,N,
—G, (/\A/n — 1)

Since the state

has the same eigenvalue, therefore
ap|m) = C_|m,, — 1)
where C_ is a number to be determined from the normalization condition

<mn’ala\n‘mn> = |C—|2 (my, — 1m, — 1)
<mn‘ﬁn‘mn> = ]C’,|2

|C—|2 = M

an|my) = /my|m, — 1)
such that
<mn|mn> =1

Eq. (3.57) can be rewritten as

Noting also that

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)



3.1. QUANTIZATION OF THE NONRELATIVISTIC STRING 145

we have that
(M| H: [my) = mawy = mahw, . (3.89)

Therefore, once we have proper normalized states and renormalized Hamiltonian, the energy of an
state with m quantum ( of frequency w,) is just m times the energy of the one quanta of energy fw,,.
Note that

(O: H: |0)=0. (3.90)

The general procedure to redefine the zero of energy such that the vacuum energy vanishes is called
normal ordering. We define a normal-ordered product by moving all annihilation operators to the
right of all creation operators. For an operator X, its normal-ordered product will be denoted as
: X: . Using this algorithm on the expression of eq. (3.55), we find that

o0

Z Wh (aTan—i—&\nAT)

n=—oo

=5 Z wn(@ an+6Tan)

n=—oo

Z]/'\IS =

N | —

Z wna a, (3.91)

From [17] (pag. 121):

These idea carry over to quantum field theory, but with a different interpretation. In
quantum mechanics we are talking about a single particle state |m,,) and energy levels
E, = w(n+1/2). The creation and annihilation operators move the state of the particle
up and down in energy from the ground.

In quantum field theory, we take the notion of “number operator” literally. The state |n)
is not a state of a single particle, rather is an state of the field with N particles present.
The background state which is also the lowest energy state is a state of the field with 0
particles (but the field is still there). The creation operator @ IL adds a single quantum
(a particle) to the field, while the annihilation operator a, destroys a single quantum
(removes a single particle) from the field. As we will see, in general there will be creation
operators and annihilation operators for particles as well as for antiparticles.

These operators will be functions of momentum. The fields will become operators which
will be written as sums over annihilation and creation operators.
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3.1.3 Generalization to three dimensions

Taking into account that E,, = hw,, = w,, when A = 1, the most general solution to the generalization
to three dimensions of the wave equation with velocity of propagation ¢ =1

0"0,0 =0, (3.92)
obtained from the three dimension Lagrangian
L= %ﬁ“qﬁﬁuqﬁ, (3.93)
1s

—iPnT + a*nezpn~x) ’

o(t,x) = Z \/ﬁ (ane
>

N, Ny ,Nz

{a(nw,ny,nz) exp{_i[E(nx,ny,nz)t — P2 — PyY — pzz]}

(nzvnyvnz)LB

—I—az‘nx’ny,nz) exXP{i[Enynym)t — Dal — Pyy — pzz]}} , (3.94)

where in natural units the wave number can be identified with the momentum, p = k. In eq. (3.94)

2
B =p° s :%ni (3.95)

where p’ = E,, and the solution satisfies the dispersion relation
Py =pp=C"En=E}. (3.96)

The Energy will always be chosen to be positive

2
E, = %, [n2 +nZ+n? (3.97)

Since the Action is dimensionless,

S: /d4;1:m2¢2 _>[1] — [E]_4[E]2[¢]2
[¢] =([S1/[E])'* = [E], (3.98)
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this solution ¢ must have units of energy in natural units. To obtain the dimensions of a,, we just
check the dimensions in both sides of eq. (3.94)

=[E][an], (3.99)

and therefore a, is dimensionless.
The canonical quantization in egs. (3.53) can be generalized to

(G0, al,] = 0nm [Gn, dm] = [al,al,] =0, (3.100)

n’ -'m

3.2 Quantization of the Klein-Gordon field

It is convenient to put the system into a box of size L, so that the total volume is finite. According
eq. (3.10), in this case the frequency is discret. However particles like the photon or electron have
frequencies in a continuum range. Therefore we need to establish relations that allows extrapolate
the discrete results into the continuum, and also we will need to take the limit of infinite volume.
The Klein-Gordon equation for a real scalar field ¢ (Chapter 3. [1])

(00, +m*)p =0, (3.101)
can be obtained from the Lagrangian
L= 10"p0,¢ — im*¢”, (3.102)
The solution is the same that for the case m = 0 in eq. (3.94), but the new dispersion relation is
E2 =pi+m’. (3.103)

and therefore m can be interpreted as the mass of field ¢.
We assume that ¢ can have frequencies in the continuum. In this way the most general solution
is obtained after replacing the summatory by an integral

/dp%ZAp:anH—pn:Z%Zn—l—l—n:%r (3.104)

n

Y (%)3/@, (3.105)

n
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From
/ ps® (p — q) =1 (3.106)
and taking into account that
Z 5n,m = 5n,m =1 y (3107)
where
2 2
pi=—7n, G =—m;. (3.108)
we have
/d3p5(3)(p - q) = Z dnm
> (T "9 - a) =>9
n L n o
27 3 (3)
- 0 (p—q) =0nm - (3.109)
In this way
I\?
5w = (52 doa (3.110)
and we get that in the continuum limit
I\?
(_) 5o — 0P (p — q) (3.111)
2m
In particular, this implies that
2r)36B(p=0) = L* =V (3.112)
Vv
53(0) = : (3.113)
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This expression can be also obtained from the definition

5 (p) = Jim ( (2;)3 /V d%eip"‘) , (3.114)

before taking the limit to infinity.
Therefore, in the continuum the solution in eq. (3.94) can be written as

(1, %)

—ip-x + a;ezp-x)

() 2o o

1/L3
— | Py —ipT | g% oiPT 3.115
/ P (2@3\/@(%6 ") (8.115)

Using eq. (3.111), we can write the commutation relations (3.53) in the continuum as

@y, al] = (2%) 0 (p —q) [@p, dq) = [af,,al] = 0. (3.116)

Note that again a,, is dimensionless. It is customary to write the general solution (3.115) with
ay = VL3ay. (3.117)

Then
1

Pt ) :/ p (27)*\/2E,

and the commutation relations in eq. (3.116) can be written as

(ane™™" +a"e™™) . (3.118)

[@,,al] = (27)° 6% (p — q) [ay,ay] = [a),al] = 0. (3.119)

In what follows we will drop out the prime in @,
The basic principle of canonical quantization is to promote the field ¢ and its conjugate momentum

to operators, and to impose the equal time commutation relation

[6(t.3), [i(t,y)| = 6 (x — )
[g(t,x),g?s(t,y)} - [ﬁ(t,x),ﬁ(t,y)] —0. (3.120)
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We will now check that the commutation relations in eq. (3.119) will just generate the equal time
commutation relations in eq. (3.120).

Promoting the real field ¢ to a hermitian operator means to promote a, to an operator; thus
(ape*”’*” + a‘Leip'“> (3.121)
with

(p, | = 27)° 09 (p — ) [ap. ) = @}, al] = 0. (3.122)

The conjugate momentum can be obtained from the Klein-Gordon Lagrangian in eq. (3.102), by
using eq. (3.29)

(3.123)
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Using the expressions for ¢, and 11, in terms of Qp, al,, the commutation relation (3.120) reads

~ _—ipx ~ ip-x ~ fip/-y ~ _—ipx ~F ipx
[ape +aye”, —ape } =+ [ape +aye” T, a

T ip'y
p/e i| }

P P
= 3 B /& {_ —i(pz+p’y) [5G,
_/dp/dp2(27r)6 pr e [ap, Up]

D) [af ] + e [ ] 4o [ al ] (3121)

Taking into account the eqs. (3.122), then

P’ {e—i(p-x—p’-y) [ap’a;] — eilpz—p'y) [/a\lﬂap,]}

:/ d’p / &’y 2(2Z E l;_p x [em et 05 (p - p) 4 T 060 ()|
s

_p’(s(g)(p —p) [e—i(p~:c—p’~y) + ei(p-z—p"y)} ) (3.125)
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6@ (p — p') forces p = p’, which also means E, = F,, and since 2° = y° = ¢, we have

~ ~ ) E
o). Ti(ty)] = [ dp [ g [ 7000 = p)x
P

[e—i[t<Ep—Ep/)—p~x+p/~y1 4 ei[t(Ep—Ep/>—p-x+p'-y1}

[efi(fp-erp-y) + ei(*P'Xﬂ"Y)]

— [ & ip(x—y) —ip(x=y)] 3.126

P oony E +e | (3.126)
Since

d3p .
5@ (x — v) — / —ip(x-)
&p &p

_s(3)(_ _ —ip-(—x+y) _ ip-(x—y) 19

(x+y) = [ e [ e, (3127)
then

(6, %). Tt y)| = i (x ~ y). (3.128)

The same expression is obtained for the original field operator in eq. (3.115) if the commutation
relations (3.116) are used. Moreover eq. (3.128) is covariant [4].

Note that the commutation relations for the real scalar field in (3.122) are equivalent to that of
a collection of independent harmonic oscillators, with one oscillator for each value of the momentum
p.

Previous equations for the Hamiltonian still holds.

1
H=3 / d*p B, (a;ap +apaj[,) (3.129)
[ﬁ,ap} = —E,a,
A.at| = +Ba) (3.130)

The analogy between the simple harmonic oscillator and the field is now complete. Therefore a L

creates the quanta of momentum p of the field qg, while @, is the annihilation operator for a field
quantum with momentum p. From [1]:
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What was the positive energy component of the classical field now annihilates the quan-
tum, and the negative energy component now creates the quantum. This quantum is
what we call particle of positive energy.

We can now construct the Fock space following the standard procedure for the harmonic oscillator:
we interpret ap as destruction operators and /di) as creation operators, and we define a vacuum state
|0) as the state annihilated by all destruction operators, so for all p

Gpl0) = 0. (3.131)

We normalize the vacuum with (0/0) = 1. The vacuum is the state which contains no particles and
no antiparticles either,
The normal ordered Hamiltonian is

H: = /d3pE alap (3.132)

such that, as in discrete case
(O]: H:10)=0. (3.133)

A possible normalization factor for the Fock one-particle state is (|p) = [1p))

(3.134)

This state contains one quantum of the field gg with momenta p* = (Ep, p). Such states have positive
norm, since

L
(pIp) =17 (0lp [0)
1
Lo =t
=1 (0l[ap, ay]10)

=@5(3) (p—p)

_ (2%)3 5 (p — p) (3.135)

Oldpal, — al,ap|0)
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With this normalization, the limit to discrete case is straightforward:

(3.136)

<1n|1m> - 5n,m
The results are summarized in Table 3.2.

Discret Continuum Continuum a ;
> (&) [ d*p (&) [d*p
Om (22)° 6@ (p - q) (22)* 6@ (p — q)
6(@),Tiy)] =69 (x—y) | [9a). Ti)| = 0@ (x —y) | [6(2),Tily)] =69 (x—y)
[Gn, @ fo] = Om [ap.al] = (2)" 6% (p —q) | [@p,a}] = (27)*0@(p — q)
|1n) = @5[0) p) = a}0) Ib) = J=ak[0)

s 3 . s 3 :
(In[1m) = fnm (pla) = (3)" ¥ (p—a) | (pla) = (3) 6@ (p—q)

Table 3.2: From discret to continuos, where p; = 27n;/L, and ¢; = 27m; /L,

Similarly we can define many particle states. If a state has IV particles with all different momenta

D1, D2, - --,DN, it is defined by

|p1,...

1
’pN> :VN/Q Pln'apN|
1
— ~7 -~
:VN/2 p1’ “apN’O>

Opys - - -

7OPN>

(3.137)

On the other hand, if we want to construct a state with m particles of momentum p, we must have

a Fock state similar to (3.73)

From[]

(3.138)

The vacuum, together with single particles states (3.134) and all multi-particle states
(3.137), (3.138), constitute a vector space which is calles the Fock space. The creation
and annihilation operators act on this space.
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It is convinient to define:

6(z) = ¢4 (z) + o_(2) (3.139)

where

ap€

n _ 3 1 ~ _—ip-T

¢+<£L‘) _/d p(27_[_)3\/m P

~ 1 L

gb_(l') :/d?’pmai)emx . (3140)

The effect of the operator field, ggi(x), on the one particle state |p)
¢+()|p) (3.141)

will be important for the evaluation of S—matrix elements in Chapter 7.
Another choice of normalization is the Lorentz invariant one, to be used later. In this case, the

Fock state of N particles with all different momenta p1, ps, ..., pn, is obtained acting on the vacuum
with the creation operators,
— 1/2 1/2 ~ ~
P1, - Pa) = (2B,,)* ... (2E,,) "l .. .a] [0) . (3.142)

The factors (2Ep1)1/ ? are a convenient choice of normalization. In particular, the one-particle states
are

Ip) = (2E,)"*@10) . (3.143)

From the commutations relations and eq. (3.122) we find that

(
(pla) = (2Ep)""* (2Eq)"? (0lapal 0)
= (2B,)"/* (2Eq)'? (0] [@p, @] |0)
= (2E,)"* (2Eq)'? (21)° 6P (p — q)
=2E, (27)° 6% (p — q). (3.144)
The factors (2Ep)1/ ®in eq. (3.143) have been chosen so that in the above product the combination
Ep5(3)(p — q) appears, which is Lorentz invariant. To see this perform a boost along z—axis. Since

the transverse components of the momentum are no affected we must consider only E,d(p, — k.).
Use the form of the Lorentz transformation of Ey, p,, together with the property of the Dirac delta

0(f(x)) = d(z — o)/ ['(x0) [2]-
Using (3.111) we have in a finite box
<p’q> :2EnL35n,m
—=2FV 6. (3.145)
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3.3 Propagator

With conventions

SECOND QUANTIZATION

(z) = 6.(x) + 6_(2) (3.146)
where
n 3 1 ~ —ipx
o4 (x) :/d p\/WTEpape P
6_(x) = / d’p (2W1)32Epai,eip'x (3.147)
(0"0, +m?) ¢(z) = J(z)
3.4 Quantization of Fermions
We consider now the Dirac equation
(iv"0, — m)Y(x) =0 (3.148)
that can be obtained from the Lagrangian
L = ipy"9,1p — mapnp (3.149)
where
U = iy (3.150)
and the v matrices satisfy the Dirac algebra
{7} =29"1 (3.151)
See [1]. If we assume a plane wave solution like the wave function of the Scrédinger equation
¥ oc e B after sustition in eq. (3.148), we have
iy (—iE) —m =0
Y°E —m =0 (3.152)
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From the Dirac matrices properties we have
T 2
(°)' =° (°)" =1 Try" =0. (3.153)

Moreover, we know that if v* satisfy the Dirac algebra, the matrices obtained after the unitary
transformation

 =Uty U st U =U" (3.154)
also satisfy the Dirac algebra. To check this note that
(3*,7"} ={U"U, U U}
=U" {y",4"}U
=2¢"UTU
=2g"" (3.155)

In this way we can always choose U such that 7° be diagonal. Because the restrictions in eq. (3.153)
this implies that in this representation we have

N <(1) _01) (3.156)

=

where the 1 and 0 are the 2 x 2 identity and null matrix respectively. Replacing back in eq. (3.152)

we have
E—-—m 0 —0
0 —FE—m]/]

E=+m. (3.157)

so that from the four wave functions that compose the full Dirac spinor 1, two of them are of positive
energy and the other two of negative energy. The Dirac spinor has four components, in this way we
expect four independent solutions. Let us represent solutions in the form

—ip-x

ulgpge ‘

uz(p)e " | " "

¢(x) X ,Ul(p)ezip-x - er( ) + w*( ) ) (3158)
va(p)e™®

where

Y (1) o uy(p)e FP) Y_(z) vy (p)el EP) (3.159)
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with
u1(p) 0
_ | u2(p) _| 0
us(p) = 20 vs(p) = v (p) (3.160)
0 v2(p)
Checking this solutions to eq. (3.148) we have
(i7°0y + iv" - 0; — m)y(x) =0
(i7°0y + iy - V — m)by (x) =0
(YE =~ -p—m)y(x) =0
(Y*pu — m)y(x) =0
(p —m)yy(z) =0
(p — m)us(p) =0 (3.161)
and
(p + m)os(p) =0 (3.162)
This equations can also be written as
[(p — m)us(p)]" =0
ul(p) (7" — m) =0
ul(P)YA P — mul(p)y” =0
ul (P)Y yup! — mul(p)y” =0
a.,(p)(p —m) =0 (3.163)
Us(p)(p+m) =0 (3.164)

At zero momentum, £ = m and

U@ m) =0
ul(0)7°(v°po + 7'ps — m) =0
ul(0)7°(v°py — m) =0
ul(0)(E —~°m) =0
uf(0)m =uf(0)y°m
uf(0) =uf(0)7°,

S
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therefore

1,(0) = + u,(0) 16,(0) = — 1,(0) (3.165)
From [5]

Consider the matrix 7. It is a 4 x 4 matrix, so it has four eigenvalues and eigenvectors.
It is hermitian, so the eigenvalues are real. In fact, from Eq. (3.151) we know that its
square is the unit matrix, so that its eigenvalues can only be +1. Since 7, is traceless, as
we have proved in §3, there must be two eigenvectors with eigenvalue +1 and two with
-1

Eq. (3.165) shows that at zero momentum, the u—spinors and the v—spinors are simply eigenstates
of 79 with eigenvalues +1 and —1. Of course this guaranteses that

us(0)vy(0) =0 (3.166)

since the belong to differente eigenvalues. Note that the two u,(0) and the two v,(0) are degenerate.
We define

Us<0) oc€s US(O) X T)—s (3'167>

where the munis sign in 7_g is just a convention. We define the normalized eigenvectors £ and 7 such
that

5;[55/ :553’ 771775/ :553’
Eny = (3.168)

In this way we have

172 = §-12 = M2 = N-1/2 = (3.169)

o O O
o O = O
O = O O
_ o O O

To obtain the spinors for any value of p we know that they must satisfy eqs. (3.161), (3.162),
and, reduce to eq. (3.167) when p — 0. The result is

us(p) =Np (1” +m) &,
vs(P) =Np (—p +m) n—s (3.170)
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Choosing
Np= ——— (3.171)
P E + m .
we obtain
ul(p)uy(p) = vl(p)vy (p) = 2B,y (3.172)
ul(—p)ve (p) = vl (—p)us(p) = 0 (3.173)

Us (p)vs’(p) - Qméss’ (3174)

as(p)vs’(p) = T)s(p>us’(p) =0 (3175)

The spinors also satisfy some completeness relations (For details see [5])

> uy(p)is(p) =p+m (3.176)
> vp)os(p) =p—m (3.177)
The solutions to the free Dirac equations are
Yot (1) =— s (p)e "
article\"T) = Us e
partil g,V P
1 :
antiparticle\X) = Vs e’ 3.178
Vi (8) =0 (p) (3.178)
We define the projection operators as
Tp+m
A —
:I:(p) om ’

with properties
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[Ai (P)]2 = Ai(p) .

A,A+ - A+A, :O
A_ ‘|‘ A+ :1 .

Atus(p) =us(p)

A+Us<p) =0
We define
3 (023 531 012)
X-p
w_=ZF
" |pl
1+ X
i (p) = 5 2,
where
[ (p)]* = I+ (p)
Moreover
[A:I:a H:I:] =0 3
and

Epus(p) =sus(p)
Epvs(p) = — svs(p) -

We define also the chiral operator
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To build the spin projector is a generalization applicable to a particle of p =0

With them we can define

=5 (1+9°7)

i~
_>
>—~[\')|r—k

pr=5 (1+7") .

As with the scalar field, we write the Dirac field as an integral over momentum space of the plane
wave solutions, with creation and annihilation operators as coefficients,

Y(z) = / d’*p T \/ﬁz as(p)us(p)e™ " + bl (p)vs(p)e™””] (3.179)

d%( 20" )

B (107 00t — i 00 — iy Ot + maP)
Sw (=Y Onh + mynp)

S11p (—iy -V +m) . (3.180)
Since that
(—ivy-V+m)y = / Z (—iv - V +m) us(p)e ?*
\/ 2Ep s=1,2

+bT( ) (—iy - V +m)vs(p)e™]

:c/d @n)? \/ﬁz as(p) (v - p+m)us(pe

+bl(p) (=7 - P+ m) vy(p)e™?] . (3.181)

—ip-x
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From egs. (3.161), and (3.162) we have

(vop” + 7ip' — m) us(p)
(vop° + vip" +m) vs(p)

0
0,

(v V +m) us(p) =10 Epus(p)
(v -V —m)vs(p) =10 Epvs(P) -

Replacing back in eq. (3.181), we have

(—iv- V+mw/ o AT 2 [P o)

=1,2

- bl (p)fYOEp'Us (p>eip-z} .

163

(3.182)

(3.183)

(3.184)

(3.185)

(3.186)
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Therefore

H:/d3x (— @'7-V+m)¢
~ [ @ / P o e o [al (Bl (0)e ™ + b ()l (0)e ™ ] 2 (=iry - ¥ ) 0
—1,2
:/de/df}p/ al/ (p/)ul/(p/)ew -z + b /(p )U;rl(p/)e—zp x] ,)/0
—1,2
x [ d s( E ug —ire _ i E v, L
/ P onye \/E;l:? as(P)voLpus(p)e L(P)0Epvs(p)e?]
d*x 3,/ 3 t ip -z N, T (N —ip
2@n)8 a’p’ | d°p al, (p' )u (p')e? 4+ by (p')vl (p')e
S, 5’ 1,2
as p sz
/dS //d3
' s’ 1,2
L ) L — (BBl (0o () )

x |al, (B)as(p)ul (p)us (p)e 5 =505 (p — p') = by (B8 (P)0, (0" (P! P2~ 505 (p — )|
= [ st X [etpe ol o o) b o eI )
= [ a3 [al (paute) — belw)ti(p)] (3187)
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In order to obtain the quantization relations could see that if commutation relations are used we
could get

“H: / Z E, (p) — bl (p)bs(p)] (3.188)

The minus sign arise from the anticommutation relations, so that a real spinor field, where bs(p) =
as(p) is automatically zero. Even after normal ordering, this Hamiltonian could give to arise neg-
ative energy eigenvalues, which is a serious problem. If instead we assume that the creation and
annihilation operators satisfy anticommutation relations

{a.(p),al(a@)} = {b,(p),bl(q)} = (27)%6,:6® (p — q) (3.189)

With this relations and taking into account

Iy (x) = = i)y’ = i (3.190)
we obtain

{0(x, ), y(y, )} = 6@ (x — y) (3.191)

With the anticommutators the normal-ordered Hamiltonian is
H: / Z E, (p) + bl (p)bs(P)] (3.192)
Moreover
Q: :q/d?’x:w*w:
—q / dp 3 [al(p)as(p) — b(p)bs(p)] (3.193)

s=1,2

With this definition al(p) creates particles of charge g, while bl(p) creates antiparticles of charge
—q. In a similarly way to eq. (3.139), the most general free particle solution to Dirac equation is

-~ -~

V(@) =Py (2) + () (3.194)
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P s=12

w(x):/d PR > bi(p)vs(p)e™” (3.195)

P s=12

The Fourier expansion for antiparticles is

=~ 3 1 3
V() Z/d pm 521;2 bs(P)Us(p)e
= 3 1 — ip-x

Y_(x) :/d pm SZ;Q al(p)is(p)e (3.196)

—ip-x

In this way a! and a, are the creation and annihilation operators for particles, while b and b, are
the creation and annihilation operators for antiparticles.
It is clear then that the one particle state is

) =/ polto)l) (3.107)

" (P, s)) z\ﬁbyp)m - (3.198)

while the one antiparticle state is



Chapter 4

Quantization of the electromagnetic field

4.1 Preliminaries

If we impose charge conservation: 0,J" = 0, the Proca Equations can be written without lost of
generality as (§ 2.4 of [1])

(O +m?)A* = J-. (4.1)

where A" = (¢, A).
The right side of the equation can be obtained after replacing the quantities in the equation for
energy-momentum conservation

E2 — p2 = m2 , (42)

Pt =io". (4.3)

This suggest that quantum mechanics is a key ingredient to understand the local conservation of
electric charge, as we will see later.
For the scalar part we have the Klein-Gordon equation of an real scalar field:

(@+m?)p =p (4.4)
which can be obtained from the Lagrangian (§ 3.1 of [1])

L= [’free + ‘Cint s (45)

167
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1 1
‘Cfree :§au¢au¢ - §m2¢2
'Cint :p¢a (46)

where p is the charge density of the field which is the source for ¢, and L, is the interaction
Lagrangian.
In the same section it is shown that this Lagrangian give to arise to the Yukawa interaction
1 e ™

V() =-— (4.7)

In a similar way, when the Lorentz force
F=gE+qgvxB, (4.8)

is interpreted in terms of quantum mechanical operators (§ 3.3 of [1]) we have the canonical momen-
tum

O — D' = 9" + igA" | (4.9)

Now, if we force the Scrédinger equation to be invariant under local phase changes (§ 3.4 of [1]),
we need to replace the normal derivate by the covariant derivate which must transform as the wave
equation:

Drap — (DFap) = @Dy (4.10)
This suggest to make the minimum replacement
Dt = 0" 4 igA" (4.11)

where A" is a new field that compensates the changes form the derivate. From this it can be shown
that the same identity is valid for all of the powers

(D'9)]" = e (D). (4.12)
From eqs. (4.10) and (4.11) the tranformation of A* can be obtained:

AP AP = AP — éaﬂe. (4.13)

Therefore, the new field tranform like the electromagnetic field, and the modified Lagrangian for the
fields ¢) and A*

oy D [ Do — (D00 ] L
L =5 (DY) - Dy — 2 [§"Dy — (D) ] {F“F. (4.14)
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give to arise to the Scrodinger equation in presence of the electromagnetic field plus the Maxwell
with the explicit current

Y {—qu v=0 (4.15)

B9 [(TY) o — VY — g A] v =i

We now turn to tue quantization of the electromagnetic field

4.2 Quantization of the electromagnetic field

Here we follow closelly [16] chapter 2.
in the electromagnetic Lagrangian the generalized momentum conjugate to the time component
of the four-vector potential is zero

oo 9L (4.16)

0A°
o =—
()
Therefore, we cannot quantizate the A° field.

The arbitrariness associated with the gauge freedom (4.13) must be removed so that the field can
be uniquely specified everywhere. Two popular choices for the gauge fixing, are the Lorentz gauge

A" =0, (4.17)
and Coulomb gauge
V-A=0. (4.18)

With the Lorentz gauge a new term is added to the Lagrangian which contains the time derivative
of A% while in the Coulomb gauge the quantity A° may be eliminated from the Lagrangian.
In the Coulomb gauge, we have for the A° component

VZAY = —p. (4.19)

For the A® component

Gt _ H_aiaj 3 — N =6%T(r — ¢/
(A (r,t),w(r,t)}_z<5w v2)5( ) =T (r — 7). (4.20)
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These commutation relations between the creation and annihilation involve only the independent
degrees of freedom.
The Hamiltonian obtainde from the Lagrangia is

H= Z wnajwama ) (4.21)
while the momentum operator is
p= Z kna:rwama , (4.22)

We now shown that the particles which emerges from the quantization of the electromagnetic field
(the photons) have spin one. To obtain these results, it is necessary to discuss the behavior of these
fields under rotations.

To follow the non-relativistic part of this course we recommend now go directly from section 5.1
to 5.3 where the S—matrix is defined and the probability calculated. In Section 5.5 there is the
general formula for decay. In section 7.1 the perturbative expansion of the S—matrix is presented.
Finally, in section 7.2 an application for the interaction of a non-relativistic atom with radiation, is
given in the context of radiative decay.



Chapter 5

S—matrix

We will use the S-matrix formulation to obtain the decay rates and cross section formulas.

5.1 The S—matrix

The Scrodinger equation for the wave function of some state a

18

The solution to this equation is

‘a’ t> :efiH(tfti)

since

0
ila.t) =i(—i)He"""]a, 1)

Defining the time-evolution operator as

|a,t) = ¢a(t),

0
| — =H .
i=lat) = Hlo,1)

a, tl) )

=Hla,t).

Ult,t;) = e Ht=4)

171

(5.1)

(5.2)

(5.3)
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we have that in In the Scrédinger picture defined by eq.(5.3), the state of a system evolves with time
|a, t> :U<t, tz)|a, tz)
la,t) =U(t,t;)|a)
|a7 t> :e_iH(t_ti)

a), (5.6)

where |a,t;), at an initial time ¢;, is an eigenstate of a set of conmuting operators, and is denoted
simply |a). Similarly |b) = |b,t).
We have then

<b7 tf’aa tf) :<b’a> Z€f>
:<b’€*iH(tf*ti)

a, t’L>

=(ble" "1 ]a) (5.7)

is the amplitude for the process in which the initial state |a) evolves into the final state |b). In the
limit ¢; — ¢; — oo, the operator e #{1~%) is called the S—matrix. Therefore S is an operator that
maps an initial state to a final state

) — Sla) (5:5)

an the scattering amplitudes are given by its matrix elements, (b|.S]a). Observe that
(al = {alST, (5.9)
(ala) =1 — (a|STS|a) =1, (5.10)

so that SST = 515 = 1.
More rigorously, if (ala) = 1, and |n) is a complete set of states, the probability that |a) evolves
into |n), summed over all |n), must be 1,

> l(n|S|a)* = 1. (5.11)

On the other hand we can write

> l(alSla)* =) (alS"|n){n|Sa)

n

=(alS" (Z In><nl> Sla)

=(a|S"$a)
=1, (5.12)
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and we conclude that SST = S'S = 1. The unitarity of the S-matrix express the conservation of
probability. It is also convenient to define the T" matrix, separating the identity operator,

S=1+:T (5.13)
Consider a generic S-matrix element

(P1-.-PalSlki .. . ky) (5.14)

For notational simplicity the states are just labeled by their momenta, but all our considerations can
be generalized to the case in which the spin is taken into account. We have also defined the operator
T from S = 1+ ¢T. We assume that none of the initial momenta p; coincides a final momentum
k;. This eliminates processes in which one of the particles behaves as a “spectator” and does not
interact with the other particles. In the language of Feynman diagrams to be explained later, this
means that we will consider only connected diagrams. Therefore, if we restrict to the situation in
which no initial and final momenta coincide, the matrix element of the identity operator between
these states vanishes, and we need actually to compute the matrix element of T’

In explicit calculations there will be an overall Dirac delta factor imposing energy—momentum con-
servation. In order not to write explicitly the Dirac delta each time we compute a matrix element of
¢T", it is convenient to define a matrix element My; from the matrix element,

(P1...PnliT|ky .. . k,) = (27)*6W (Z pi—> kj) iMy; . (5.16)
J J

The labels i, f refer to the initial and final states. Explicitly
Mfz’:M(pl,---,pmkl,---,kn)- (517)

More generally, the initial and final states are labeled also by the spin states of the initial and final
particles.

So, instead of S or T, the quantity to be calculated is My;, but this need first to be relativistically
normalized, in which case it will be denoted as M ;.

5.2 Relativistic and no relativistic normalizations

We first consider a system in a cubic box with spatial volume V = L3. At the end of the computation
V will be sent to infinity. It is sometimes convenient to put the system into a box of size L, so that the
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total volume V' = L3 is finite. This procedure regularizes divergences coming from the infinite-volume
limit or, equivalently, from the small momentum region, and is an example of an infrared cutoff. In
a finite box of size L, imposing periodic boundary conditions on the fields, the momenta take the
discrete values p = 2mn/L with n = (n,, n,, n,) a vector with integer components. In non-relativistic
quantum mechanics a one-particle state with momentum p in the coordinate representation is given
by a plane wave

Up(x) = O™, (5.18)
and the normalization constant is fixed by the condition that there is one particle in the volume V,
1= [ Polubf = [ oy
1% 1%
| / e
v
=|CPPV, (5.19)

and

1 ipX
Up(x) = VAl (5.20)

Wave functions with different momenta are orthogonal, and therefore

/V 05455, (%) (X) = Opu o (5.21)

Writing t5(x) = (x|p) and using the completeness relation [|, d®z|x)(x| = 1, we can write this as

(p1 P2 =(p1| /V d%2|x) (x|ps)
- /V 02 (palx) (x|p2)
_ / B, (%) ()

1%

:5P1,P2 .

(5.22)

The superscript NR reminds us that the states have been normalized according to the conventions
of non-relativistic quantum mechanics.



5.3. PROCESS PROBABILITY 175

In relativistic QFT this normalization is not the most convenient, because the spatial volume
V' is not relativistically invariant, and therefore the condition “one-particle per volume V7 is not
invariant. A more convenient Lorentz invariant form was introduced in eq. (3.145)

<p1|p2>R = 2Ep,Vop, ps (5.23)

Therefore the difference between the relativistic and non-relativistic normalization of the one-particle
states is, comparing egs. (5.22) and (5.23)

P = (2E,V)"* |p)™" (5.24)

and of course for a multiparticle state

’pla'-wpn)R = ‘pla-“apn>NR (5'25)

[[ e
i=1

We denote by My;, defined in eq. (5.16), the scattering amplitude between the initial state with
momenta qq, . . ., q, and the final state with momenta pq, ..., p,, with non-relativistic normalization
of the states, and by M, the same matrix element with relativistic normalization of the states. Then
from eq. (5.16)

(27)6@® (Zpl Zk)w\/lﬁ_ o PaliTky . k)R

=TT CE V)" T] (2B V)" (b .. DuliT ks - . )R

i=1 j=1
=[[ e, v 1/2H (2B, V)" (27)45™ (Z pi — Zk) iMy;
=1 7=1 % 7
(5.26)
Therefore
My =[] CE, V) T (2B, V)™ My, (5.27)
i=1 j=1

5.3 Process probability

Consider the matrix element of ¢7" in (5.16)

(P1...PaliT|ky .. K )NR = (27)%0@ (Z pi—> kj) iMy,; (5.28)
i J
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Assume for the moment that all particles are indistinguishable. The rules of quantum mechanics tell
us that the probability of this process is obtained by taking the square module of the amplitude

(2m)16™ <sz Zk)d\@

and we are confronted with the square of the delta function. To compute it, we recall that we are
working in a finite spatial volume and, from eq. (3.112)

[(p1 .. paliT|ky .. k) VR = (5.29)

27)20@(0) =V (5.30)
Similarly we regularize also the time interval, saying that the time runs from —77/2 to 7'/2 so that
(2m)* @) = VT (5.31)

Then

[(p1 - PaliT[ky - . )R] =

(27 45 < Zk>ZMfZ

=(2m)'g" (p -> kj) VT M;; (5.32)

Moreover we must sum over all final states. In the discrete limit, since we are working in a finite
volume V', the sum over all final states corresponds to the sum over the possible discrete values of
the momenta of the final particles

5 nj= —o00,...,—10,1,...00

™;

k; = L]’ n{= -oo,...,—1,0,1,...00 (5.33)
n; = —o0,...,—1,0,1,...00

2= (5.34)
k; nf n;/ nj
In the large-volume limit for each particle we can write, using eq. (3.105)

d> = (2‘;3 /d%j, (5.35)

k;
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The decay probability in (5.32) can be written as

w—z ST e paliT k. k)N

kTYL

:Z L Z(zﬂy&s(@ (Zpi - Z@) VT | Myl
/ /Vd3k,=1 ”de <sz Zk:)VﬂMﬁ
= / / (2m)*6™@ (Z pi — ij) VT | My H Vdgk (5.36)

By using eq. (5.27) we have

3

m

o [ Jemn (Snon v T (fTen  es )

/ /27T )i (Zpl Zk)VT\Mﬁy H2E vH o ?zEk (5.37)

The probability for the process of an initial particle decaying into n final particles is then

1 & Pk
w1 :/.../(2@45(4) (p — Zk;]> T | Myl - H (27T)32jEk (5.38)
i P j=1 J

On the other hand the probability for a process with two initial particles colliding into n final particles
is

1 d*k;
4

5.4 Cross Section

Consider a large number point-like projectiles directed to an area A that includes a solid target of
area o, as displayed in Fig. , such that alll the fill the area A randomly Assuming that an interaction
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Figure 5.1: Cross section probability

will occur (with 100% probability) if the projectile hits the solid, and not at all (0% probability) if
it misses, the total interaction probability for the single projectile will be

g
Py =—. 4

Now suppose we have a parallel beam with density of particles n and velocity v towards the target.
In time ¢, this beam fills a volume

V = Avt. (5.41)

Choosing t such that the volume contains just one particle, we can write

n=1/V, (5.42)
or

1 =nutA. (5.43)
replacing back in (5.40) we have

o= Fe (5.44)
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P; is just the decay probability in eq. (5.39). Therefore

1 1 ~ d3k;
7= an an/ /27r <p1+p2 Zk)VT‘MM

2,V 2E, V (2m)32E,

4
m;v/ /27r " (p“Lp? Zk)Wf’ 2E, 2E 1:[ 271' 32Ek (5:45)

The density of particles of the incident state is normalized to one particle in the entire volume, so
that n = 1/V. Therefore

(5.46)
1 EP2

1 1 o &k
/ /% <p1+p2 Zk>|Mf’ 35 35 L @ras,
i=1 )

In general, as both particles may be moving we could use the relative velocity between them, v,

X 1 4 Pk
Urel/ /27T st <p1+p2 Zk>|Mfz 2E,, 2 H 27)

. 4
Ep, 32, (5:47)

2 =1
In a frame where p; and ps are along the same line, this reduces to

P P2

Urel =
Ey  Ep

(5.48)

In fact, for not relativistic particles, where E; = m;, this coincides with the usual relative velocity

mivy maVva
Urel =

Ey E,
The most general formula for the relative velocity is
I
rel — 5.50
el = H (5.50)
where

1=\/(p1 - p2)? — mim3 (5.51)
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In general
I =\/(E\Ex — pi - po)? — mim3
Z\/E%Ez? + (P1 - P2)? — 2E1 Eypy.pa — mim3 (5.52)
Since
mim; =(E} — p?)(E5 — p3)
=(EYE; — p1E; — Ep; + pip3) (5.53)
I= \/P%Ez — 2E 1 Eypy - p2 + Efp3 + (P1 - P2)? — PiP3 (5.54)
If
(p1-P2)* — pip; =0 (5.55)

that implies that p; and ps are colineals,

I \/P%E2 — 2F,Eyp; - p2 + E?p3
=/ (p1E; — p2E))?

=|p1E2 — p2 B | (5.56)
I P11 P2

rel — == 5.57

YT BB, |E B (5:57)

To simplify the notation we set E; = £, =, and By = E Moreover, the differential cross

Pr
section is
do =(2m)16® zpz 501 ) o M ] gy o
1
= 2n)——— |2 dO™ (pr, pa; ke, .. ke, 5.58
(2m) B (M| d®™ (py, po; ) (5.58)
where
o) kiko, k) =0 [ p = K, 5.59
d (p1, p2; k1, ko, k) p Zj: J 31;[1 277 32Ek ( )

We keep the diferential notation both for do, and d® until the last integration have been made.
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5.4.1 2—-to—2 cross section

The the 2-to—2 cross section is

dr =0 [Myil” d*(p1, pa; 1, )
4'UrelE1E2 R
2T g M i |? dD™( k.o k)
=352 4. - = m 7 ) ; yr e ivn
287T64Ure1E1E2 f Prsp2: 1
1
:267‘-2Ure1E1E2 ’Mf’l|2 [4(27T)6dq)2(p1’p2,p/1’p/2):|
1 2 6 2 /o
My 428 d 0%y, s 5.60
S Ml CR) a8 (i) 1)) (5.60
where, as in eq. (5.110)
4(471-)6 d3p/ d3p/
4(4 6dq)(2) el ) — 5(4) S 1 2
(47) (p1, D23 P, 15) 12n) (p1 + p2 — P} — Ph) B L
d3p/ d3p/
= 5 (p1 -+ 2 — 9} — ph) 4(2m) L L2 (5.61)
1 L2
We now will find an expression for cross section in the center of mass frame (CM)
The center of mass (CM) frame is defined by the condition
p1+p2=0 (5.62)

The 0—function in Eq. (77?)
5D (p+ p2 — pi — ph) = 0¥ (p1 + p2 — P} — P3)S(EL + By — B} — E3) (5.63)
In the CM frame
8 (p+p2—ph = ph) = 6¥ (P} + Ph)O(EL + Ep — Ef — EY) (5.64)

My; in integration does not depend on |p}| or |pj| as the final momentum is fixed by the initial
momentum whenever the final states have only two particles. In this way the integration on p), can
be evaluated directly for d®®). Replacing back in Eq. (5.60)

d*p', d*p

4(2m)%d®d® =5G)(p} + py)d(E, + By — E| — EY)

B Ey
B3y Byl
=0(Ey + By — B} — E;)# /5(3)(p'1 + pé)ﬁ
El E2
d*p

—§(Ey + Ey — E, — E}) (5.65)

BB,
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12 /

d|p’|dQ
4@&@®:&&+@—ﬂ—@ﬁﬁﬁ%—
112
As
[py] =/ B —my?
dpi| 2B
L=
dEl 2\/Ei2 —m12
_ B
P!
In this way, we can write, in general
pldlp| = EdE
and
L|ELdE]
4(2m)%dd® = §(Ey + By — B, — Eg)%dfl

142

/ dE/

:MEyh&—lﬂ—EQm%,Hm

2

From the d—function in Eq. (5.63) we have that in the CM frame

M

p1+p2_p/1_p/2:()c: {plz_pQ

Pi = —P)

Squaring the first expression, and taking into account that
py =/ B —my®

72 72

P1 =P
12 12 w2 12
Ey" —my" =Ey" —my

we have

Y

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)
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EQZ\/E’Q my? 4+ mh? (5.74)

In this way we can express Ej in terms of E] in Eq. (5.70). Moreover, we can define the center of
mass energy as

Using The energy part of é—function in Eq. (5.63) can be written as

5 <¢§ — B B =+ m’22) (5.76)

As established before, M; in this case in independent of |p|, and the integration on E/ can be done
directly only for d®®. The integral is easily performed using the identity

Z 7 oz Z” (5.77)

where z,, are the zeroes of f(z). In this case, this —function is a function of the integration variable
E7, with only one zero

3¢ =5 (575
where
flx) =+vs—a— \/x2 m)? + mh? (5.79)
Therefore
4(27)8dD® =d) / e — 1o E}Eg‘d;@
_ 1 ‘pl(xO)‘
~ o) Bylao)
(5.80)

where from Egs. (5.72), (5.74),

P} (o) =3 — m}? Ej(x0) =23 — m}? + m)? (5.81)
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The zero is obtained from

Vs — a0 —\Jad —ml® +mp” = 0

s —2/sxo+ a2 =22 —m)> +m)’

s —2V/sxg = —m,> + m}’ (5.82)
with solution

2 2
s+m}° —mj

NG (5.83)

o =

As (See deltaxn.nb for additional details)

T

f(z)=— —1 (5.84)
\/xQ — m’l2 + m’22

we have
2
f/($0):_ my _ml2 + s 1
Sy mitems®es)

S

2 2
—mi”+mbh" —s 1
- 2 2 -
—m)”+my” + s
2 2 2 2
—my"+my” —s+mi” —my” —s
2 2
—mi"+mbh” +s
—2s
_ (5.85)

2 20
s +mh” —m]

and

2 2
s+mbh° —m) )

- (5.86)

5uwm:ﬂﬂ—m(

Replacing the expression for zy in (5.83) into Eq. (5.81) we have (See deltaxn.nb for additional
details)

p)(zo) = Vs — (m) — m/22)\2/]£3 — (my + mj)?]
5 m’l2 + m’22

(5.87)
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Replacing Eqs. (5.85), and (5.87) in Eq. (5.80) we have

2s s —mh® +mb’
_ o/ G =l = G T )] 555
25 '
Defining the kinematic two particle function
Ma, b, c) = (a — b+ c)* — dac (5.89)
and taking into account that
2
(s —ml?+ m’12> — 4sm? =[5 — (my — m})?[s — (m}, +m})?] (5.90)
we have
)\1/2 12
4(2m)0d0® — gt 7;2 ) (5.91)
s
Moreover
/ _Al/Q(S m2 7m/12) (592)

To further evaluate Eq. (5.60), we need to express v, and E;FEs in terms of s and the masses.
Concerning v, from Eq. (5.57), evaluated in CM frame

P1 b2

El E,

P1
E1 + FEs
=|p1| (Eh + E»)

=|p1l Vs (5.93)

B Esvye) =E1 By

=ErEy
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Replacing back Egs. (5.88), and (5.93) into Eq. (5.60), we have

1
10 = 6 oy Ml [42m) 2]

do 1/l = (=]

dQ 6472 E, Eyvpg fi 25
By using Eq. (5.93)

o1 st— (1t + )] [s — (i — )]

dQ ~ 64m?[py|/s" T 2s
In the CM frame

Vs =FE, + E,

= [0} 3+ o+ m3

= /P + md -+ /0 4

s =2p; +m} +mj + 2\/p‘11 + (m? + m3)p? + mim3

s — (207 + m} + m3) =24/t + (m? + m3)p} + m?m3

(5.94)

(5.95)

(5.96)

(5.97)

(5.98)

s* — 2s(2p] +mi +m3) + [2p] + (m] + m3)]* =4(p] + (M} + m3)p; + mim3)
s* — 25(2p7 + mi +m3) + 4p] + 4pi(m] + m3) + (m] + m3)* =4(p} + (m] + m3)p; + mim3)

—4spi + s — 2s(m} +m3) + (mi +m3)* =4mim;
—4sp? + 8% — 2sm] — 2sm3 +m] + my + 2mims =4mim;

—4sp? + 5% — 2sm? — 2sm3 + m7 +ms — 2mim; =0

o (s —=m?—=2mymy —m3) (s —m? + 2mamy — m3)
1

p 4s

(5.99)

(5.100)
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~V/Is = (m1 +ma)?[s — (m1 — my)?]
|p1’ - 2\/5

N(s, m3,m?)

5.101
Replacing Eq. (5.101) back in Eq. (5.93) we have
1
Ey Byt = 5\/[5 — (mq +m2)?|[s — (my — ma2)?] (5.102)

Replacing Eqs. (5.102), and (5.88) in Eq. (5.60)

TR P2 o, [ o Tl — o —
do = 64 2 |Mfl ( >\/[S — (my + m2)?][s — (my — ma)?] (5.103)
and, finally
do _ 1 [ [s = (mi +mh)fs — (mi —mp]\ " s
dQ ~ 64n2s { [s — (my + m2)?][s — (my — my)?] } M| (5.104)

or, in terms of the kinematic function defined in eq. (5.89)

do 1 M2(s,m) 2 m,?)

- = M]? 5.105
dQ  64m2s AY/2(s,m3,m?) M ( )

5.5 Decay Rates

Consider the matrix element of ¢7" in (5.16)

(p|iT|k; ... k)& = (27)%6™ ( Zk) iMj; (5.106)

where the initial state is a single particle of momentum p and mass M, while the final state is
given by n particles of momenta k; and masses m;, ¢ = 1,...,n. We are therefore considering a decay
process.

By using eq. (5.38) we have

w :/.‘./(2@45(4) <p_ Zk]) (/ dt) M| 2]131) li[1 (QW%ZZJ'EM (5.107)
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Therefore the differential probability is

dw—/.../(QW)45(4)< Zk) i Mol dtH 32Ek (5.108)

Finally we define the decay rate dI' as the decay probability in which in the final state the j—th
particle has momentum between k; and k; + dk; per unit time

_dw 4 2 &
dF_dt S < Zk)QE [ Myil H 27r32Ek

17 O™ (p; k, ks, . k) (5.109)

where

d (pv kla k?a ) kn) 0 p ; k] H 271' 32Ek (5 O)

J=1

and the differential decay width in the center of mass frame

_ en? 2 1™ (p:
2F,

5.5.1 Two body decays

We now consider the decay of particle of mass M decaying into two particles of 4—momenta p;, ps
and masses my, mo. In the CM frame the initial momentum satisfy

p=0=M=E, (5.112)

Therefore

(2m)*
2 M [4(27)6]

1
W'MM 4(2m)°d® (p: 1. p2)

1
=gy Mol [427)°d® (p; py, po)] (5.113)

dl' = |Mi|* 4(2m)5d@ (p; p1, p2)
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where
d>py d3
4(27T)6dq)(2) (p;p1,p2) = oW (p—p1— p2)#% (5.114)
1 2

The Dirac delta in eq. (5.110) can be written in the CM frame as

8D (p—p1 — p2) =0% (p — p1 — P2)§(E — Ey — E»)
=03 (py + p2)6(M — Ey — E,) (5.115)

and,

d3p1 d3p2

4(27)%d®dP (p; p1, p2) =6(M — Ey — E3)0®) (py + pa) BB

(5.116)

Comparing with eq. (5.65) we see that the two quantities are the same after the replacing /s — M,
Py — p1 and py, — py. Therefore we have from eq. (5.91)

AV2(M?,m3, m3)

4(27)%d®® = dQ HE (5.117)
Replacing back in eq. (5.113)
L WP
dQ  32m2M 2M?
:W (M N2 (M?,m3, m?) (5.118)
By using eq. (5.92) we can write this expression also as
o =i Ml 2M ey
:32’:21]'\42 IMyil? (5.119)

as usually written in several texts.

5.6 Backup

Perturbation theory is developed more easily using the Hamiltonian formalism. We therefore consider
a general field theory with a Hamiltonian

H = Hy + Hiy (5.120)
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where Hj is the free Hamiltonian and H;,; is the interaction term. The interaction term will be
considered small. For instance in QED

Hi = / P Hine = — / Az Ling (5.121)

with
Ling = —eAu 7" (5.122)
The smallnes of the interaction follows from the fact that the parameter which turns out to be

relevatn for the perturbation expansion is o = €? /41 ~ 1/137.

SST=(144T)(1 —iT")
=14+4(T-TH+TT" =1,

(5.123)
TT' = —i(T - T7). (5.124)
Inserting a complete set of states we have
(BITT"|a) = — i((b|T|a) — (b|T"|a))
(b|T (Z In><nl) T'la) = =i | (b|T|a) = ({a|Tb))"
Zn<blTl7”L><a!T|n>T = — 1 ((b|T]a) — (a|T]b)")
: > TuTy, =—i (T —Ty,) -

’ (5.125)

ifa=5

Ton|”> = —iIm T, . (5.126)



Chapter 6

Two body decays

In this chapter we use directly the Feynman rules for Fermions to carry out the calculation of the decay
of the standard model Higgs into a pair of fermions. In chapter 7 we will obtain the corresponding
Feynman rules from the S—matrix expansion.

6.1 Particle decays

Particle decay [0] is the spontaneous process of one elementary particle transforming into other
elementary particles. During this process, an elementary particle becomes a different particle with
less mass and an intermediate particle such as W boson in muon decay.

For a particle of a mass M, the differential decay width according Eq. (5.113), is

(2m)*

W|M\2d<1>(")(P;p1,p2,-..,pn) (6.1)

ar, =

The phase space can be determined from Eq. (5.110)

(n)( p. —_s4(p _ A i
d®"™ (P;p1,p2, .- pn) =0 (P ;pZ) (H (27T)32Ei> ) (6.2)

=1

We will keep the dI" notation until all the integrals get evaluated.
The two-body decays in eq. (5.118) is

ar 1

G ~aig Ml N, i ) (63)

191
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6.2 Width decay

Reglas de Feynman: Time direction from left to right.

e Initial particle: u(p) > ®

e Initial antiparticle: v(p) - ®
e Final particle: u(p) @ >

e Final antiparticle: v(p) @ -

We consider now a general Yukawa interaction term
Line = hH [ fo (6.4)

For the H — f,f, decay. The interaction between the Higgs boson with fermions' is given by the
Yukawa interaction term [I]

£Higgs = _Gf (U _’\;ﬁH) (7RfL + 7LfR)

_va— _ GfH—
= /77 —my (Grv2) " Ff (65

Such as the electro has acquired a mass m, = Gv/ V2. On the other hand the coupling to be
assigned to the process vertex is G f\/§ or my Jv=.

The decay process H — ff, is displayed in Fig. 6.1

The Feynman rules, to be explained in Chapter 7 are indicated in Fig. 6.2.

In this way the scattering amplitude is

iM = —imy (Gev2) 1, p)o(sa. o) (6.6

where p1, s, po v $o are the momentum and spines of fermion and anti—fermion respectively.
For the general case

iM = —ihu(sy, p1)v(ss, p2). (6.7)

'In this case we consider only electrons, by the formula is easy generalizable to other fermions
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—img (GF \/E) / ________ H

/(3!‘ pZ)

f

Figure 6.2: Reglas de Feynman del proceso H — ff

h=my (G F\/§)1/2 in the standard models Now, having into account that v° = ~0

(@(s1, p1)v(s9, p2))t
= 0'(s2,p2) (@(s1,p))
= vl (82, p2) (! (s1,p1)7
= UT(SQ,p2>(’YOTU(Slap1))
= v (59, p2) (7" "uls1, p1))
= 0(s2, p2)u(s1,p1).

O)T

Squaring M, and summing over possible polarization states of final particles, we have

D IMP =8 (1(s1, p1)o(sz, p2))(0(s2, p2)ulse, pr))- (6.8)

51,52 1,82
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The several sums in Ec. (6.8) can be calculated by expressing the products wv y vu en in terms of
their components, as follow

> (@(s1, pr)v(se, p2))(@(s2, p2)ulsy, pr)

51,52

- Z(ﬂa(sl’pl)va(s??p2))(5ﬁ(327272)u5(81,p1))

1,82

= Z(Uﬂ(slaPl)ﬂa(slapl))(va(smm)@ﬁ(smm))

51,52

= Z Ug(sl,]h)ﬂa(Sl,pl) Z UQ(SQJPQ)FB(SQJ)Q)

S2

= (1 + mp)pa(P2 — My)ap
= Tr[(p1 + my)(p2 — my)]. (6.9)

Taking into account that Tr[y,| = 0, and from the commutation relations for v, matrices

Tr[vuv] = Tr[=v . + 29M]

= Tr[—v,7,) + 2¢"" Tr[1]

= Tr[—v,7] + 2¢"4 (Tr[AB] = Tr[BA])
Tr[y, 7] = 4¢9"".

In this way

Tr[(pr + ma)(p2 — m2)]
= Tr[(vp) + ma)(nps — ma)]
= Tr[yu 1P Ps — maupt + mayeps — mame)]
= piph Tr[yu] — 4mamy
= 4g,upi Py — Amimy
= 4(p1 - p2 — mamy).
where my, mo are the final masses, and
Z |/Vl|2 = 4h2(P1 “ P2 — MiMy).
51,52

From eq. (5.115)

M :El + E2
P = |p2| (6.10)
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Therefore

M? — E? — E3

BBy = 5

p1 -pg—mfc = E1Ey — p1 - P2 — mamy
= E1Ey + pt — mymy

WoB-B
= 5 + p1 — mime
1
= 5 (M* —m{ — pi —mj — pi) + P —mimy
1
:§(M2—mf—m§—2m1m2)
1
2

[M2 — (my — m2)2}
Therefore, the scattering amplitude is

> IMP =2k [M? = (my + ms)?]

51,52
Replacing back in eq. (6.3)
dl’ h?
70 =sganp (M m3,mi) [M? = (ma + mo)’]

After the integration [ dQcn = 47° we have

h2
D = N2, md, md) (M2 = (my +my)’]

For my = my = my
4m2 1/2
/\1/2(M27m§7m%) =M? (]‘ - _f)

[M? — (my +mo)?] =M (1 _ _2)

227 dg [ sinfd = 4

195

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)
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and therefore

_ R? Am2\ >
I'(H — ff) =§M< - F‘j) (6.16)

In the case of the standard model Higgs with mass My decaying to fermion pair, according to the
Lagrangian in eq. (6.5)

_ MHm?cGF m? 3/2
PH—=ff)=——"/—(1-435) 6.17
(1~ [) = = ( MEI) 617)
In the limit my < Mp this expression reduces to

— MHTTL%GF
PH = ff)=——F7= 6.18
(1~ 7)== (6.18)

6.3 efe” = utu

e? N ~ N

L= < [0(k2)v u(kr)] [0(k2)y ulks)] (6.19)



Chapter 7

Feynman Rules

When the case of interacting fields are considered, the particles can be created, destroyed and scat-
tered. In essence this requires solving the coupled non-linear field equations for given conditions.
This is an extremely difficult problem which has only been solved in perturbation theory.

In the Heisenberg picture, which we have so far been using, this program is still very complex, and
it was decisive for the successful development of the theory to work instead in the interaction picture.
In section 7.1 we write the S—matrix expansion derived in Chapter 5, in the interaction picture. In
section 7.3 we show how to use the Wick expansion to calculate S—matrix elements involving scalars
and spinors.

7.1 Interaction picture

This part is based in [3]. In the Schrodinger Picture (SP) the time dependence is carried by the
states according to the Scrodinger equation

labeleq : 84fi%|a, t)s = i%|a,t>s = Hla,t)s (7.1)
With the solution given in Eq. (77?)
la,t)s = U(t, t;)|a)s . (7.2)
where U is the unitary operator [see Eq. (77?)]
U=Ul(tt;) =e ) (7.3)
Given the state |a,t)g in the SP, in the Heisenberg picture (HP) we defined the state
layg = Ulla, t)s = |a)s (7.4)

197
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Si O in an operator in the SP, the corresponding Heisenberg operator is defined as
Of(t) = UTO°U (7.5)

Hence, the transformation from HP to SP is unitary. At ¢ = t;, states and operators in the two
pictures are the same. We see from Eq. (7.4) that in the HP state vectors are constant in time, while
from Eq. (7.5) the Heisenberg operators evolve with time. Is convenient to keep the temporal label
in the Heisenberg states

la)r = |a, ti)m (7.6)
Eq. (7.5) ensures the invariance of matrix elements and commutation relations:

5(b,t| O% |a,t)s = g(b, t|{UON(t)U" |a, t)s = u(b, ;|0 (t)|a, t;)u (7.7)

(03, P%] =c= [O"(t), PP(1)] = ¢ (7.8)

where ¢ is a constant.
Differentiation of Eq. (7.5)

dtO (t)_<dtU)O U+U'O dtU
=iHU'OU + U'OPU (—iH)
=—i(O"H — HOY), (7.9)
gives the Heisenberg equation of motion
d g H
ZEO (t) = [O"(t),H] (7.10)

The interaction picture (IP) arises if the Hamiltonian is split into two parts
H=Hy+ H. (7.11)

In quantum field theory H; will describe the interaction between two fields, themselves described by
Hy
IP is related to the SP by the unitary transformation

U; = Uy(t, t;) = e Hilt=t) | (7.12)
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in this way,

la,t)r = Udla, t)s , (7.13)
and

O'(t) = UloSt, . (7.14)

Thus the relation between IP and SP is similar to that between HP and SP, but with the unitary
transformation Uj involving only the non-interacting Hamiltonian H,. Note that both the vector
states as the operators in the IP are time-dependent.

Differentiating Eq. (7.14) gives the differential equation of motion operators in the IP:

d I _ I
ZEO (t) = [O'(t), Ho| (7.15)

Substituting Eq. (7.13) into the Scrodinger Eq. (??7), one obtains the equation of motion of state
vectors in the IP, If the system is described by a time-dependent state vector |®(t))

d
Z'£|CL, t>s :I‘IS|CL7 t>s

5 (Ul B(1))) =HUo (1)
j (%U) 9(1) + iUy & |(1)) =HOUp (1)

UoHo|®(t)) + iUO%@(t)) =H5Uy|®(t))
UoHo|®(1)) + iUo%!fb(t)) =(Ho + H7)Us|®(t))
iUy (1)) =HUo (1)

T 00y =UoH5UR (1) (7.16)

d
i |(6)r = H |®(t))r, (7.17)
where, as in Eq. (7.14)

H} = M=t [ i (t=t) (7.18)
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is the interaction Hamiltonian in the IP, with H? and Hj being the interaction and free-field Hamil-
tonian in the SP. From now on we shall omit the labels I, used in the equations to distinguish the
IP, as we shall be working exclusively in the IP in what follows.

Eq. (7.17) is a Scrodinger-like equation with the time dependent Hamiltonian H;(t). With the
interaction switched off (i.e. we put H; = 0), the state vector is constant in time. The interaction
leads to the state |®(¢)) changing with time. Given that the system is in a state |i) at an initial time
t=t;, ie.

@) = [i) , (7.19)

the solution of Eq. (7.17) with this initial condition gives the state |®(¢)) of the system at any other
time ¢. It follows from the Hermicity of the operator H;(t) that the time development of the state
|®(¢)) according to Eq. (7.17) is a unitary transformation. Accordingly it preserves the normalization
of states

(®(t)|®(t)) = const. (7.20)

and, more generally, the scalar product.

Clearly the formalism which we are here developing is not appropriate for the description of
bound states but it is particularly suitable for scattering processes. In a collision processes the state
vector |i) will define an initial state, long before the scattering occurs (t; = —o0), by specifying a
definite number of particles, with definite properties and far apart from each other so that they do
not interact. (For example |i) would specify a definite number of electrons, and positrons with given
momenta and spins). In the scattering process, the particles will come close together, collide (i.e
interact) and fly apart gain. Eq. (7.17) determines the state |®(¢)) into which the initial state

[B(—00)) = Ii), (7.21)

evolves at t = 0o, long after the scattering is over and all particles are for apart again. The S—matrix
relates |P(00)) to ®(—o0) and is defined by

|©(00)) = S[|P(—00)) = Sli), (7.22)
A collision can lead to many different final states |f), and all these possibilities are constrained
within |®(00)).
The transition probability is given by
[{fI®(c0))|* = [(fIS]0)]* = S, (7.23)

where Sy; is the corresponding probability amplitude.
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In order to calculate the S—matrix we must solve Eq. (7.17) for the initial condition (7.19). These
equations can be combined into the integral equation

d|®(t)) = —idt Hi(t)|®(t))

|®(t)) t
d|® =—7 dty Hy(t1)|P(tq
/| (1)) /Oo b Hi(1)|9 (1))

®(—00))

|©(1)) — |#(—00)) Z—i/ diy Hy(11)|®(t))

(7.24)
t
|D(t)) = |i) — z/ dty Hi(t1)|®(t1)) - (7.25)
In the limit ¢ — oo
|®(00)) = SOi) — z/ dty Hi(t1)|®(t1)) . (7.26)
where
SO =1, (7.27)
From Eq. (7.25) we can obtain |®(¢;)) at next order:
t1
|D(t1)) =|7) —z’/ dte Hy(to)|P(t2)) . (7.28)
This equation then can be solved iteratively. If H; is small we can solve this equation by iteration
t
|D(t)) = |i) + (—z)/ dt1H(tq)]i / dtl/ dte Hy(t1)H(to)|P(t2)) - (7.29)

In the limit ¢ — oo

D(1)) = {S(O)+(—z’) / h dtlH](tl)} / dt, / dty Hy (1) Hi (1) B (t))

= (SO + 5W) s / dtl/ dty Hy (1) H(t2)|®(t)) (7.30)
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SW = (=) / At Hy (1)

The next order of Eq. (7.29) is

B(t)) =i + (~i) / b Hy ()|

—0o0

X [|i>+(—i) /t2 dtsHy(ts)|i)

—0o0

1B(t)) =|i) + (—i) / dt H (1)

/ dt, / dty Hy (1) Hy (1)

/ dtg/ dty Hy(t3)Hy(ty)|®(t4))

/ ity / dty Hy () Hi(t)]3)

/ dt, / dt, / dty Hy(t2) Hy (t) Hy (1))
i /_ _dn /_ t; dt, /_ t; dt, /_ i Hy(00) Hi0a) H (1) (0 9(01)

In the limit ¢t — oo

|D(t)) = (S<0>+s<1+s + 5%

/ dt, / dts / dts / it Hy(t) Hy(ts) H(t3) H (8)|D(t0))

: / dtl/ dtQ HI tl HI(tQ)

t1
: / dtl/ dtg/ dtg H] tl H[(tg)Hl(tg)

where

and so on we obtain the S—matrix

=) s"

n=0

:1+§:%/Zdtl/l

tn—1
dtz.../ dt, Hi(t) Hi(ts) . .. Hi(t,) .

—00

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)
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7.2 Atomic decay

Here we follow closelly [10] chapter 3.
For the atomic decay at first order in perturbation theory, we have

s =i [ dt (310l a).
where the Hamiltonian in the interaction picture is
H=H,+Hpy+ H(t) = Hy+ H/(t),
where, following the definition of the interaction picture

Ya(r, t) =e ™40 (r)
=Ua(t)tba(r),

Hi(t) =U"H)(t)Uy .
The several terms of the Hamiltonia are
p. Za

Hy = Pe _
AT om

Hey = %/d%{: w3 (rt) : +: B (rt) i},

(&

10 = { = (b A0+ Aot) o+ £ A0 ) |

and o = €%/(4n). The states as defined as

|a,n) = a(re)|n) .

The scalar product of the atomic states requires an integration over the coordinate r,

(@ n|a,n) = / B (r () ().
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(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)
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For one photon decay of an initial atomic state a into a final atomic state b and a photon of

energy w, and polarization A, the states are

@) =|a, 0) = a(re)|0)

|
18) =|b, Lux) = ¥p(re)[Lnn) ,

where
[Laa) = al,[0)
is the one-photon state with frequency w, and polarization A. Since
(LualA%[0) D (Lual(ahsaly + afyann + @nrann)|0) = (0]1n) = 0

and

(pe ’ A(Te>t> + A<rea t) ’ pe) %(Te) =—1 (Ve ’ A(Teyt) + A(Te>t> ’ Ve) %(7”6)
:_i{<ve'A)¢a+A'Vewa+A'Vewa}
=—1 {2A : V6¢a} 5

where V - A = 0 was used.
With all of this we have a simplified formula

Sba = — Z/ dt(b, 1n)\‘U21 (——A 7“6, Ve) UA]a O
Sba = — Z/ dt<b, 1n)\|U21 (——A Te, Ve) UA|CL O
Spa = — z/ dt(b, 15|t (——A Te,t) - Ve> e Fat|q, 0)

—— [ e [ 10600 S (A0 - 9 6,000

oo

—— / dte“Eb—Ea)t% / dre {vy (re) Veta(r)} - (LalA(re, 1)]0).

o0

(7.46)

(7.47)

(7.48)

(7.49)

(7.50)
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Since

<1n>\|A(T€’t i<17”L)\|a’j~u)\/|O>€ik”/'%

1
0) =D ==
N an/L3

1 ! iky-x
=Y e llal o)

n'\

1 A

———¢€
V2w, L3 "

1 .
= e elwntThnTe (7.51)

V2w, L3 "

Inserting this expression into (7.50) gives

<1n)\‘ 1n)\>6ikn/~xe

1

Sba = —227T5(Eb + Wn — Ea)ﬁ

My , (7.52)
where the decaya amplitude My, is
My, = —i—— /d?’re e Te i (1) €N - Voaha(r) . (7.53)

In most atomic decays, the energy of the emmited photon, which is equal to w,, = E, — E,, is much
less than 1/ R, where R is the size of the atomic system, and hence the maximum range of the integral
over r.. In this case, the dipole approximation

e~ HKnTe g (7.54)
is extremely good. Then we have
e 1
My, = — A Poa 7.55
b m men Pb ( )
where
Pba = _i/d3re¢2(re)ve¢a(7ﬂe)' (756)

The diferential decay rate, and using

276(Ef — E)))? = 2n6(Ef — E)T, (7.57)
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we have

- 2
AW — i [S(T/2.=T/2)
T—o0 T

. 1
= Th—I>Iolo T27r5(Eb + wy, — Ea)Tﬁ

=216 (Ep + wy,, — Ey)—

Then

e
2w, m?

2
AWy, :%6(&, +w, — F,) |€2 Pral?

Summing over all final photon states to get the total a — b decay rate gives

2T e?
Wba = Z _5(Eb + wy — Ea) ‘67); : pba’2

V 20, m?

2

(&
=32 OB e B ggle) pu

Using

2
A

W —Z/ﬁaww C )= pl?

ba — o 2 b n a 2wm2 n " Pba
dgk

sz Z/ 0(Ey + wn — Eq)€n - Poal’

:—Z/u{\ d\k|/dQ S(Ey +w — Ey)[e}

By using |k| = w, we have

Wia QmQZ/dw S(Ey +w — Ea)/dQ|62-pba|2

e?
:4_ 27rm2 Z/dﬂ]e Pl

(7.58)

(7.59)

(7.60)

(7.61)

(7.62)

(7.63)
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where w = F, — F,. Integrating over all directions k of the outgoing photon
A o _ 8w 2
Z e, - pra|” = §|pba’ : (7.64)
A
Then the total rate for the decay of the state a into b is

e? [ 4w
Wha ( ) IPoal” . (7.65)

= Ax \ 3m2

7.3 Yukawa interaction

As a concrete example, we take a theory with a fermion field and scalar field, which interact via the
Yukawa interaction [1]:

Let the quantum of the field ¢ be denoted by B, since the particle is a boson. The quanta of the
fermionic field ¢ will be called electrons. The mass of B is M, and the mass of the electron by
m. Suppose M > 2m, so that kinematically it is possible to have the B particle decay into an
electron-positron pair. The process is denoted by

B(k) = e (p) +e"(p), (7.67)

where k, p, p’ are the 4-momenta of the particles.
For the interaction Hamiltonian we have

Hr=h: Yo (7.68)

where the required ordered product will be explained in next section. The term linear in the inter-
action Hamiltonian in the S—matrix. It is

S —
=— ih/d4x S (7.69)

SO = —ih [ dla s (@, +T)0s + )05 +0-) (7.70)
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Ling=—h: (0 +9-) (g +9_) (¢4 +¢) :
= PPy F P+ V) Gy PP+ by
S I M VR P Sy VIR e M
Pt (771)

To check that only the ordered terms are different from zero we can analyse the full terms for
initial and final states defined as |i) = [0y, 0y, 1y) ¥ (f| = (15, Ly, Og].

P lng) o<n —1g) (g4 oc(n + 1y] (7.72)

¢-|ng) x|n + 1g) (nglo- oc(n — 14| (7.73)

Y lo mismo tendremos bien sea para un campo foténico o fermioénico.
El Langrangiano de interaccién de nuestro interés estd dado por

Lint = —hpp¢ (7.74)

Que en términos de las componentes + y — de los campos se puede expresar como
De desarrollo del langrangiano en las componentes de los campos, vemaos qué términos con-
tribuyen al elemento de matriz

(L5, Ly, 061010401105, 0y, 1) ¢ (24, 24, 04|03, 0y, 0g) = 0
(L, Ly, 0|t 0|05, 0y, 1) ¢ (24, 24, 04[055, 0y, 25) = 0
(L5, Ly, 0] t041-01[05, 04, 16) o< (25,04, 04|05, 0y, 05) = 0
(L5, Ly, 0004100 [05, 0y, 1) o< (25, 0y, 04|03, 0y, 25) = 0
(L5, Ly, 09—t 64[05, 04, 16) o< (05,24, 04|03, 0y, 0) = 0
(13, Ly, 0g|th_1b1.6[0g, 0, 1g) o< (055, 24, 04]035, 05, 25) = O
(L5, Ly, 06]t-10-91.]05, 0y, 1) ¢ (0, Oy, 0|0y, 0, 0) 7 O
(L5, Ly, 06]1-10-¢_[05, 0y, 1) ¢ (05, 0y, 0|0y, 0, 26) = 0
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Figure 7.1: Feynman diagrams for B — eTe™

The only term that contributes to the matrix element of the process is
—ih / d*z_Y_¢, . (7.75)

Let us define the one-particle states as in eq. (77)

|B(p)) = \/gale (7.76)

From eq. (77?)

" (p, 5)) E\/ibi(p)!@ : (7.77)

Using the commutation relations, our states are then normalized as

BE)BE) =25 - p)
(55 =255 — o)
(2n’

(et(p,s)le™(p',8)) =—0.08°(p — D) (7.78)

%

As established in Sec. 3.1, it is convenient to work in the discrete limit where (?7)

53(0) = . (7.79)
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Now we can write down the action of various field operators on different one particles states. Using
the Fourier decomposition of the scalar field in eq. (?7), and taking into account that a,|0) = 0, we

have

- @1B09) = [ @ e B0

[

iz L
Gpe” P ——1al|0)

VvV

1 —ipT [
- / Py e, al)o).

P onys 2o v

By usinbg the commutation relations in eq. (?7) we have

_ 3 5(3)(p—k) —ipx
¢+(z)|B(k)) = dp—\/m e"7|0)
1 —ik-x
¢+($)|B(k)> :\/We |O>
Similarly, we have
B(K)) = *0
o+ (2)|B( )>—\/W€ 0)
_ 1 —ipx
i ()le (p,8)>=\/mus(p)e 0)
B @ () =t () 7),

(7.80)

(7.81)

(7.82)

(7.83)

where wy, and E, represent the energies of the scalar and the electron for the 3-momenta in the

subscripts.
Similarly, for the adjoint operators

1

(B0~ (1) =(0] e
(€ (.90 (x) (0] (p)e”

o . 1 N i
(€ (0, - (a) =00l ()

(7.84)
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In the lowest order the only term which contributes to the matrix element is the term shown in
Eq. (7.75) The matrix element at first order in Eq. (7.95), between the initial and the final state is
then

s = =it [ e (e o)) [7v-0.| B (7.9
Using Eqs. (7.83)(7.84), we obtain
- 1 1 1
S(l) —(—ih)a, Y / /d4 i(p+p' —k)-x . 7 36
i =(=ih)E(p)ex(P) [ dwe V2V \J2E,V \J2E,V (7.86)
Since
/d4a7 PP =R — (omytst(k —p —p), (7.87)
we obtain
1 1 1
S(l) - 2 454 k—p—p —ih Us Ed ' 7.88
; [ N v e (GRS R YO B

Comparing with Eq. (??) we have therefore that the relativistic matrix element is
iMyi = (—ih)us(p)vs (P) (7.89)

and everything else is the history presented in Chapter 6.

7.4 Wick Theorem

From [1]. The normal ordering procedure involved putting all the annihilation operators to the right
of all creation operators so that it annihilates the vacuum. But the time ordering raises complications
because in it all operators at earlier times must be further to the right. So creation operators at later
times would be to the right of annihilation operators at later times, contrary to what we need for
normal ordering. The advantage of normal ordered products is that their expectation values vanish
in the vacuum.

If H; contains an even number of fermion factors, we can use the time-ordered product T{...}
of n factors to write this expression in the equivalent form. For S® we have for example

/_Z dt, /_ZdtQT{HI(t2)H1(t2)}:/_Z dt, /_Zdtgﬁ(tg—tl)HI(tg)Hl(tg)—l—/_Z dt, /_ZdtQG(tl—tg)HI(tl)Hl(
(7.90)
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/_ Z dt, /_ Z dty T{H(t2)H(t2)} =2 /_ Z dt, /_ : dtoHy(t2) H (1) - (7.91)

So143 (_ni!)" /OO dt, /OO it .. /_OO ity TUH () Hi () - H(t)y, (7.92)

In terms of the Hamiltonian density, we have

so14y / .. / daydey .. dbe, T{H (00 e (22) - Hy ()}, (7.93)

n!

In the above perturbation formalism the states |i) and | f) are, as usual, eigenstates of the unperturbed
free-field Hamiltonian Hy. As such can be introduced inside the integrals

Sy =(f15])
:1+§:1 (_ni!)n /-~-/d4x1d4m2...d4xn (FI T{H (21 Hi(z2) . .. Hi(z) i) - (7.94)
For example, at ;;st order
Sp =(f15"i)
—(f] =i [ o T )
= —i/d4:z:1 (fl - Hi(zy)  ]i) (7.95)

In order to evaluate this integrals we need to write the time ordered product in terms of the fields.
This can done by induction. We start by considering the simple no trivial case with two scalar fields

T{g(z1)g(w2)} =2 d(21)P(22) : +Pa1)d(x2) (7.96)

The same expression can be obtained for fermions. Generalizing the results for n scalar or fermion
fields, but with an even number of fermions fields, we have the Wick theorem

T{P(x1)P(x2)P(x3) - P(x,)} = : P(a1)P(22)P(3) - P(xy,) : +
+ O(z1)P(22) : P(a3) - P(xy,) :
+: O(z1) P(22)P(23) - - - P(y) : +- - (7.97)

For details of the full result see for example [].
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7.5 Scattering
From the previous calculation we have
St — % / / doidiey .. dhe, T{H(x)Hi(zs) .. Hi(z,)}. (7.98)

The relevant term for the scattering

e (p1) + e (p2) = e (p)) + e (p) (7.99)

2!

§(2) _ (=) / / d*oydoy T{H (z))H (22)}

:<_;h) //d4$1d4$2 T{ (E@Z)Qb)xl (E@ng)m}
S [ [t s @uon@oor: + S5 [ [t @oga @i+

(7.100)
The first term corresponds to two disconnected Feynman diagrams that does not contribute to the S—
matrix. For the process at hand, we want terms where four fermionic operators are not contracted,

corresponding to the particles in the initial and final states. The second term in the previous
expansion of the Wick theorem is the only satisfying this requirement. In this way

_ _ —ih)? _ _
sete > ete) =0 [ [t go)otes) : @0 @on (1101
The Wick contraction can be written as:

M(%) =(0|T{o(x1)p(x2)}|0)

since

O(x) = 4 (x) + o_(2), (7.103)

T[p(x1), ¢(x2)] = Ot — t2)p(21)(2) + 0(t2 — 11)P(2) P(1) (7.104)
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O|T [@(z1), p(22)][0) =0(t1 — t2)(0]p(21)P(22) + O(t2 — £1)(0|p(22)¢(x1)|0)
=0(t1 — t2)(0]p4 (z1)d—(72) + O(t2 — t1){0]¢4 (22) P (21)[0)
b ) (21)]0

=(0[0(t1 — ta)p(x1) 40— (w2) + O(t2 — t1)(0[4 (22) 9 (21)]0) (7.105)
with
3 1 ~ _—ipx _ 3 1 o~ elp:z:
0.0 = [ Pops e 0-0) = [ dr g, (00
we have

d* : 43 .
(O G =000 =00 [ 5t [ i i)

d3P2 d3p1 ;
O(ts — 1){0 a eipeee / OGP Gt gmimen g
(t — 1)(0) / e e )
p1d3p2 e~ P11 —ip2 2 (|6 4t
e Ola,, a! |0
~t) | / Ty o (0]ay,al,|0)

tl)/ / Loty e P r2eT (0] gy, a1 |0)
(2m)6\/2E,,/2E,, P

(7.107)
P*prd’py oiPrTL =D w2 ()6 G
1°L1 2° L2 O 0
~t) | / o e Ol )
d3p2d3p1 i ;
¢ P2 @2 o —IP1T1 ()| 4 ~t 0
1>//<2w>6m¢m6 o Ol 10)
(7.108)
On the other hand
— — — @ _B
() gy (P)ay =1 (1) (1) (m2)0 (22) : (7.109)

From the Fourier expansions in eqgs. (??), (??) we have that al and a, are the creation and
annihilation operators for particles. As we have only particles (and not antiparticles) in the initial
and final states, the only non-zero contribution of the ordered product in eq. (7.109) must have the
order afaaa. As 1, and ¥_ are associated to a and a' respectively, the only non-zero contribution
from the ordered fermion product is
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(U)o () 1= =B (20T (2) 00 (1) (2) - (7.110)

The relevant S—matrix element then reads

<2>:— Zh / / d'zyd s

X (6 ( 1 e (Py)[iA p (21 — 22)0” (1) (22)15 (21) 0] (z2)]e™ (P1)e” (p2))

//d4$1d4l’2 ’LAF ZL‘l —ZL’Q)

X (6_( '16 (P[0 (1) ($2)¢+(l’1)¢+($2)|€ (p1)e” (p2))
d4x1d4x2/ 1 1Ar(q)e™ ig-(@1-2)

X (e” (pl) (P [ (1) (1’2)%(%1)%(%2”6 (P1)e” (p2)) (7.111)

The two particle Fock state is, after proper normalization

e (pr)e” (p2)) =%a1<p2>az<p1>|o> (7.112)
Therefore
a — — - dBk d3k a N —ik-x1  —ik'-xo
U (21) 0] (z2)]e” (p1)e” (p2)) = 57 | A (k)u’ (K)o~ Fe1ek
x as(k)ay(K')al(p2)al(p1)]0) (7.113)
1 1

wi(m)wﬁ(@)’e(pl)e(p2)>:\/2Ep1V\/2Ep2V

< [ (o) (p)e e — P (pa)u (pr)e 7 e ) 0)
(7.114)

Following similar steps, we find

(o e (o) 5 1 1
(e~ (p))e (PY)|V- (w1)Y" (22) = T T
<0 [ “(py)u’ (ph)e e e — u“(p’z)uﬁ(p’l)e*@'p’z'xle*ip’rf?]

(7.115)
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As expected, the final result can be written in term of three different factors: the momentum con-
servation, normalization, and the relativistic amplitude

1 1
5@ = i(2m)ts? (Z pi— Y. p’) 11 11 M, (7.116)
fi ? f fi
i=1,2 f=12 i=1,2 V 2BV f=12 4/2E}V
where
M = (ih)? [a*(py) @’ (P Ar(p1 — ph)u(pr)u” (p2) — a®(P) 7" (P3) Ar(p1 — py)u (P1)u’ (ps)]
(7.117)
The two contributions are displayed in Fig. 7.2 Since
1
Ar(q) = Z (7.118)
In the limit ¢ < m?
1
Ap=-— (7.119)
h2
Myi =— [5 (o) (po)a” (P})u’ (p2) — @ (ph)u (P1)a” (Ph)u” (p2)
h2
=5 [u(pz)u(pr)u(py)u(p2) — a(p)u(p:)u(py)u(ps)] (7.120)
For one interaction of type ¥/I't) we should have
h2 — (! =/ (! (1
Mii = s [u(p2)Tu(p1)u(py)Tu(pz) — a(py)Tu(p)a(py)l'u(p2)] (7.121)
For the interaction of a fermion pair with Wf, we know from the standard model Lagrangian [],
that
9> —
—— (1 — 7.122

Therefore in this case

['=9*(1—1s) (7.123)
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e (p1) T e (ps)
> I >
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| B(p1 —b)
I
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> I >
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I
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> I >
T2
e (p2) e (ph)

Figure 7.2: fermion scattering
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For p < M2, the analysis is similar to the previous one with

W (2 )W (22) =0 T{W*(21)W" (22) }|0)

d'q g™
~ —ig(@1-a2) 7.124
/ (27) Mafe ( )
For the process
e (p) +vu(k) = = (p) + ve(K) (7.125)
the global coupling for p < M, is
2
9 Gr

oAz = 7.126

After the replacement Gr/v/2 = h?/m?, we have

1 1 1 1
S = i(2m)*6* (p1 + p2 — P, — P My, 7.127
R R .y R Vo TR V2BV BV ! (7.127)
where
M= EF 0 (o (py) (0T 7.128
fi = Euye(pg) te(P1)t,(P1)ws, (P2) (7.128)
The corresponding Feynman diagram is shown in Fig. 7.3 Therefore we have
Gp _ _
M;i = 7;“ (P2)7"(1 = 75)ue(P1) @ (P1) (1 = 75)tn,, (P2) (7.129)

We now must sqaure the scattering amplitude, M, and summing up over final spin states, and
averaging over the intial spin states, as we did in Eq. (??7). The result that will be obtained in detail
in Chapter 9 for the muon-decay is

M2 = 64 G (p1 - p2) () - 1) (7.130)

From Eq. (77)

9
do 1 (S m“) M2 (7.131)

A0~ 64m2s \ s —m?
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e (p1) T

Y
Y

Y
Y

v, (p2) L2

Figure 7.3: scattering with four fermions

The center of mass (CM) frame is defined by the condition in Eq. (?7):

P1+p2=0
The §-function in Eq. (7.127)

8D (py +p2 — ph — ph) = 6 (p1 + P2 — Pl — PL)S(EL + By — B — EY)

implies
Pi+P:—pl—Py=0F {p,l >
P1 = P2
Moreover
Vs =FE| + E,
In the CM frame
s =(Ey + Ey)?

2
- <\/p% + i+ /b3 +m%)

2
- (\/p% +m2+/p? +mi)

219

(7.132)

(7.133)

(7.134)

(7.135)

(7.136)
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Therefore
Ey = |pi| (7.137)

We already have the expression for |p;| as given in eq. (?7). In this case my = 0, and m; = m,, so

that
2

¢ (7.138)

S—1m

|p1| = \/g

From (7.137)

Vs =FE) + Es
=L + |pi (7.139)

By =Vs — |pi
—s+m?
=/s+ —2\/5
25— s+m?
==
_s4m?
RN
Then, by using Eqs. (7.134), (7.137) and (7.138), and (7.140), we have

(7.140)

p1-p2 =FE1FE; —p1 - p2
=FEi|p:| + P%
(s = m2)(s +m2) | (5 = md)?
4s 4s
2
S (s m2)
1 2
_5(8 —m,
As p3 = p’22 = 0, we have from d—function

(p1 +p2)* = (P} +ph)°

(p1 + p2)* = (P} + ph)°
P+ 2p1 - po + 05 =pi” + 20, - Py + Py
P+ 2p1 - p2 =pi” + 2 - )

/

m? + 2py - py =m;, + 2p) - Py (7.142)

) (7.141)
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1
p’l-p’z=p1-pz—§(mi—mﬁ)

v = 5(s = m?)

Replacing back in Eq. (7.130) and then in Eq. (7.131) we have

do 1
dQ  64n2s

s —m? 1 1
( “> 64G%§(3—m§)§(s—mi)

—m2
5 —m;

do _ Gy (s = mp)
dQ  4n2 s

Note that o o s.

221

(7.143)

(7.144)

(7.145)

(7.146)

(7.147)
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Chapter 8

Neutrinos

8.1 Weinberg operator

Based on Akhmedov, hep-ph/0001264; Langacker, arXiv:1112.5992
With the definition

e =Cyt s =Cr, .

The Majorana mass term should be of the form v¢vy. Since vy, has I3 = 1/2, the Majorana mass
term has Is = 1'. With L = (I/L eL)T

Lerimy L ~ (3,-2) .
One would need an isotriplet scalar field A ~ (3,2), which either elemental or composite. The term
H'rinH ~ (3,-2),

can play the role of the composite triplet, where H = (H t H O)T
Can the operator

L (TorinL) - (4 rin 1)

! Any SU(2) spinor x, xTimy satisfy that
e both XIXQ and x%iTy, are invariant.

e both XJ{TXQ and x¥iTTy, transform as vectors.

223
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be generated as an effective operator at some loop level?
Explicitly we have

prne=@ [0 0. (0 9).(0 %) (%)
~@ D[ () () ()]

= (efer —vive,i (vive +efer) ,vier + efvr)

Replacing back v§¢ — H*, €S — HY, vy, — H', and e;, — H°, we have

H'riryH = (H'H® — H*H*,i (H°H® + H*H*) ,H*H° + HTH") .

(LerinL) - (H TimyH)
=2 (—efeLHYH" —viv H'H® + vie  H H® + Sy H H)
=9 (U_EHO_%HJF) (HOVL_H-i-eL) (8.1)

—=fe @ ()] [er ()]

We have the Weinberg operator

L=— ﬁ (FT@'TQL) . (HTTZ'TQH) +h.c

:% <§]TI*> (ﬁTL> + h.c
:% (VEH® — eSHY) (Hvy, — HTer) + hec

:% (612L_§H2 + 621L_§H1) (e12L1Hz + €21LoHy) + +h.c
:%L_chLbHdeacebd +h.c.

See Weinberg, PRL43(1979)1566.



Chapter 9

Three body decays

9.1 Muon decay

For a three body decay we have from eq. (6.1)

1 d’p1 d’py d°p3
= §Y(P —
~(2r)p )52M IMPFSHP —p1 —p2 = ps) 2F, 2B, 2F;
1 1 & apr 4 d*py dPps
_ 54 (P — _
~(2m)5 2M 2B, /‘M’ O T RETA
(9.1)
9.1.1 Amplitude estimation
Since M is dimensionless, the amplitude averaged over spins for p decay must be
IM[* = CGEm,, . (9.2)
We use
1
C:§(2><2><1><1):2 (9.3)

The first factor is for the initial average and the factor are for the number of spin states of u, e and
the two neutrinos.
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Consider first the integral

& y4 d3p2 d3291 d3p2
54 (P — ———— "= [ §(E—FE,— E)*P —p; — p2) e =
/ ( b1 — p2)2E1 2, / ( 1 2) ( P1 P2)2E1 2,
d3p2 3 3
= 5(E—E1—E2)4E1E2 5(P—p1—p2)dp1
d’py 3 3
= 5(E—E1—E2)4E1E2 0°(p1 +p2 — P)d’p
d’py 3 3
using
/(5(x — zg)dx =1 (9.5)
we have
d3P1 d3P2 d
P — / E—FE —E
/5 e TR L 2)4E1E2
d3p1 d3p2 d|p2|dQ
5 (P — )FE—-FE .
/ e Y RETN / L )R AELE, (96)
Since |p1| = |p2| we have
E = Ei + Ey =(m} +p})"/? + (mj + p3)"/*
=(m? + p3)"* + (m3 + p3)"/? (9.7)
differentiating this equation with respect to ps
dE :1 ( 2|ps| 2|po| )
dpa| 2 \(m]+p3)"/2  (m3+ p3)/2
—|ps| 1 N 1
=|P2 B By
B E,+ B,
=|pa ( BE, ) (9.8)

Therefore

dFE EiEy
dps| = 9.9
|p2| ’p2‘ ( ) 2) ( )
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replacing back in eq. (9.6)

d3p1 d3p2 dE p2 d E1E2
0P —py — = 0(E — E; — Ey)—2
/ (P =p1—p2) 2E, 2F, [Pl ( ! 2)4E1E2 (E1+E2
|P2|dQ
= [ dES(E — Ey — E,)—221720
/ ( ! 2)4(E1+E2)
|P2|
122110
AE

For a relativistic particle |ps| &~ Es = E/2 and

dpldp2
NP — R A
/( i pQ)E1 B, i

Applying this result to eq. (9.1) we have

1 1 d3P1 d3p2 d3P3
5 (P — —
~(2r)5 2M 2E, /|M| e T RToN
1 1 & apr / 4 d? D2 d aps
— 54 (P — —
~(27)52M BE, M PP )R
1 1 d pl

" (2r )52M8E M 2m)

F u 2
—_ P 52 d
8( )4 Elpl |p1|/
GEm}
N—E2 Fi(4
S@ryiE, Dkt
GQFm

T 4(2m)3

EldEl

As the maximum value of E; is m,,/2

or
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(9.10)

(9.11)

(9.12)

(9.13)

(9.14)
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9.1.2 Amplitude calculation
The Standard Model Lagrangian includes

V29, , I i .
L=- Tg(VeLWMGLW: + e Ve W, + T Y W, 4 iy v W)
=— i(l/_ev“PLeW: + ey PrvW, + V_MW’LPLMW: + " PLv, W)

V2

g . _ o ) -
=— =1 — )W, + e (1 —v5)veW, + 7" (1 — v5) W, 4+ i (1 — v5) v, W,,)

2v/2

(9.15)
where
(V_ﬁ“PLeW:)T - eH“PLT(V_e)TW; — €TPL7“T70V8W; — €T70707“TPR70V6W,;
= ey’ V1O P W, = ey PLu W, (9.16)
We can build the effective Lagrangian
Applying the Feynman rules to the diagram in fig. 9.1 we have the amplitude
_'2_ _uu+qpqu M2 -
M = g Uz Y, (1 —v5)u g 5 2/ W) 2y, (1 — 75)vs (9.17)
8 q* — My,
where u (v) is for an incoming particle and u (v) is for an ongoing particle (antiparticle).
The Dirac equations for spinors u and v are
(p—m)u=0 (p+m)v=0
u(p—m) =0 v(p+m)=0. (9.18)
In this way
o, - 1 .
2 el (1 = 95)urtiayq” (1 — 7s5) :W(l + Vs)qurtiag (1 — 7v5)
w W
myMme ~
= — ]\22 (1 + ’}/5)U1U4(1 — ’75) (919)
w

the term in ¢*q¢” can be safely neglected. The term ¢ is mz is small compared with m%,. Therefore

M z—ﬂgm(l — 5)ur gy (1 — 75)v2

—1G
_WF%%U = ¥5)ur gy (1 = 75)va (9.20)
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v

Figure 9.1: Tree level diagram for muon decay

M is a dimensionless scalar. The relevant coupling is

2
g Gr
== 9.21
The conjugate is, following the same steps that in eq. (9.16)
* 7’92 = Tr= Au 1
M = [t (1 = 3s)u] [aay" (1 = 95) 0]
W
. igt -
M =0 (U177, (1 — 75)us] [0 (1 — v5)ud] (9.22)
W
Multiplying M and M* we have
gt
M| :64M§‘V [@37u(1 = v5)urta v (1 — 5 ) us]
X (g7 (1 = 75)v2027" (1 — 75 ) ua]
4
9
=———1L,, M"Y 2
6angg, (5-23)

where

L“V = [a30¢736(1 - 75)57“2/@15756(1 - 75)677“;]}
M" = [aj/}/gﬁ(]‘ - 75)57/027?7(2576”6(1 - 75)6nu4n} (924)
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[ 3@7/1 — ) Vuzyaw,yge(l - 75)677}
[ u3u3 noﬁu (1— 75)ﬁ7(u1u1>'y67u (1- 75)677]
=Tr [(ustiz)vu(1 — v5) (uatin) 1 (1 — 75)] (9.25)
Using
Zu(p, s)u(p,s) = (p+m) Z v(p, s)v(p,s) = (p —m) (9.26)

D L =T [(ps) (1 = 5) (p1 + my) 7 (1 = 7))

=p§ Tt | Yy (1 — 35) (D775 + M) 7 (1 — 5)
=p§ Tt | (Yo Vi — VoY ¥s) (@1 7870 (1 — 75) + My (1 — 75))]

—=p$ Tr | P va 870 (1 = 75) — DYy 187 (1 = 7s)
MYV Vo (1= ¥5) — MuYa Y57 (1 — 75))]

=p$ Tt | DY VeV V80 — DL Ya ViV Y5 — DyYa ViV V8V + D YaYu Vs V8o Y5
M Ya Y Y — MY VYo Vs — MpYa Yu V5 Ve + m#7a7u757u75] (9'27>

as the trace of an odd number of y—matrices is zero, we have

> L =15P] Tr [Ya V%0 — YaWu¥8%% — YoV ¥8 W5 + YaVu V873 ]

=2p5p7 Tr [Ya 770 (1 = 75)] (9.28)
Similarly

Z M" = 2pyspae Tr [1°9"7" (1 = 75)] (9.29)
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substituting back in eq. (9.23) we have,

4
MF = 64M4 4p3pypasp2e Tr [y (1 = 75)] Tr [1"7" 99" (1 = 75)]
g4
64M4 p3p1p46p26<645§‘55)

g4

64M4
4 4
:m(p:s - pa)(p1 - p2)
w

————4 X 64(p3 - p4)(p1 - P2)

=4 (8%)2 (p3 - pa)(p1 - p2)

—4 <8%>2 (p3 - pa)(P1 - p2)

=128 G (ps - pa)(p1 - p2)
2

G
:2567F(p3 - pa)(p1 - p2) -

The demonstration of the used TrxTr identity can be found in Appendix B. of [3].
The spin-averaged differential decay width for p= — v,e7 7, is

1 1 d®ps d*ps dpy
dr = 54( d"p2 d"pa
(27r)5 2, 25, Z MP ) 4 (p1 = p2 = = i) 2F, 2F,
1 d*pa 4 d*ps d®py
225400 _
2E1 Zl @rpsE,0 W1 PP T p)
RN (01 ) (o - o) L2264 I s
_QMéV (2m)52E, P1-P2)\P3 - P4 2, P1r—P2—P3— P4 2, 2F,
294

- P,
16(27)5 M B By Pip§d’palag

where the covariant integral 1,5 on the neutrino momentum is

d*py d*p
Iaﬁ :/pzap2ﬁ54(p—p2 pB)T;?;-

231

(9.30)

(9.31)

(9.32)
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The variable p in ec. (9.32) is defined as p = p; — py = p2 + p3. Moreover

p* =p3 + D3 + 2p2 - p3

=m,, +my, +2ps - p3

~22p2 - p3
GasD" D’ =29aspi vy
pop” =2p5p5 . (9.33)
I, must have the form
Ing = 9apA(D®) + papsB(p?) . (9.34)
Defining the itegral I as follows
d*py dps
I= [ 6p— — 9.35

Since
m, ~0=E, —p,
E; =p;, (9.36)
and in addition the integral I is covariant, we choose to evaluate it in the rest frame of the two

neutrinos |ps| = |ps|, which implies Ey = FEj.

dpzdps

— F3)5° -
I= /5(E E, 3) (p P2 p3) E, E3
dp2

Ey By

:/5(E—E2—E3 /5313 P2 — P3)d’ps

J/

-~

=1

0(F —2F
A2 o

2
2

— / OE — 2F) 2E2>E2dE2(47r)
L3

e o £)) o
:47T%/5 (E2 — E) dEs

=2 (9.37)
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then multiplying (6.13) by g*’ and p®p? successively gives, using eq. (9.33)

d3p2 d3p3

915 =4A+p°B = /ps P8t (p—po —p3) e =

Ey Ej

In order to compute p®p°I,5, we make use of the fact that it is a Lorentz invariant quantity, so
that we may evaluate it in any reference frame. In particular, we can evaluate it in the rest frame of

the neutrinos involved in this process. This means that p = ps + p3 =

papﬁ[ﬁ: 2A+p4B
o d*py dPp
= p°p 6/ 2 3psang5 (p — p2 — p3)
d3p2dp3
— ——E OE 054 o o
5, B, D B (p —p2 — p3)

= (pD)Q/d3p2d3p354(p — P2 — p3)

/ 25 P - 2E2)

2
/dEQEQdQ 5(— — EQ) = 471'5

(p°,0) and Ey = F;3

(9.38)

(9.39)

(9.40)

(9.41)

_Tp
2
where the usual tricks have been used to simplify the integrals, using the delta function inside.
Therefore
P
4 4
—(r—B)+p'B :%
™ B s
L _~Z.p==L
4 4 * 2
3B 7
4 4
B="
3

(9.42)
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2
P v
A=t L
1 (r=3)
_p 271')
43
p?
= (9.43)
T 2
Las = 5 (9apP” + 2paps) - (9.44)
Substituting back in eq. (9.31) we have
2mg 8 2 3
= N (6% 2 (6%
16 x 6(27T)5M{/1[/E1E4p1p4(g B + P pﬁ)d 2
= 27 [(p1 - pa)p® + 2(p - p1)(p - pa))d®p
16 x 12(2m) ML B By L 4)]¢ P4
2g* ) ;
102 ML By, Pt PP 20 p)(p - pa)ld s (9.45)

For further evaluation we will use the rest frame of the decaying muon. In this frame the four—
momentum are

yai :(mw O)
ps =(E4, pa)
p=p1 —ps = (m, — Ey, —p4)
P’ =E* —p’ =m. —2m,E, + (E} — p3) = m_, +m? — 2m, E, (9.46)
Moreover
P1- P4 :muE4
PN :mi - muE4
D Py :muE4—EZ+pi:muE4—m
pi=m; = Ef —pi = pj = Ef —m;
pal (2 — m?) 2

e

dlps] 1 2B, _ B
dEy  2(Ef —m2)'?  |p4l
E
= d|ps| = —dE,

P4

d’py =P} d|p| dQ = |p4| B4 dE, dQ2 (9.47)
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Substituting back in eq. (9.45) we have

294 2 2 2 9
dl’ :192(27T)4M3Vmu |p4| dE, dQ[(mu +m; —2m,Ey)m,Ey + Q(mu — myuBy)(m, By —m?
Neglecting electron mass we have |py| = Ej, and
29 (4) ) ,
di = 192(27) M2 m,, EydEq[(my, — 2m,Ey)m, Ey + 2(m;, — m, Ey)m, Ey)
2 x 2¢g* 9 o )
= 1020 my, " Ea I = 2Bl o 2my, = 2m, B d B
. [3m? — 4m, E,] dE
192(2m)3 M, 4 Al
4g* 2 2 [ E4}
=——————m I/ |3—4—| dE,
192272 M, m,

_ At oy (2B, 2B\ my (2B,
S 192(2m)3ME 4\ my, m, 2 m,

o 4gt om (2B, oo (2B\] 4 (2B
S 192(2m)3 MY 8\ my, m, m,

E, varies from 0 to EJ*®* can be obtained from (m, = 0)

P1—Pa=D2+DP3.
The square of he factor on the left is
(p1— pa)® =P} + D5 — 21 P4
:mi+m§ —2p1 - pa.
We have then using eqs. (9.47)(9.50)
2py - ps =m;, +m? — (p1 + pa)°
2my, By =m’, + m? — (p2 + p3)?
%mi — (p2+p3)*.

235

)] (9.48)

(9.49)

(9.50)

(9.51)

(9.52)

(p2 + p3)? is the invariant mass squared of the v, + U, system, which ranges from 0 to mi. For
(p2 + p3)? = m, we have E™ = 0, while for (ps + p3)? = 0 we have E** = m, /2. The missing

integration on dI' is in the variable x such that

2F 2F ax
T = y l’min:O, Tmax = =1.
mM mu

(9.53)
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Therefore

From Eq. (9.49), we also have

ar

T 192(27)3 ML,

_ 2
C32ME, 6(2m)3 !

CHAPTER 9. THREE BODY DECAYS

5
,u
] 3 — 24]
~192( 27r 102(27)3 M3, 8 / 7l
4q* m 1
T 192(27)3 M, 3 2
gt m
192738 M3, 4
_ g' 2 mo
G4ME, 10273 1
R e
2 10273
Gh
T 19273
494

E} [3m?2 — 4m,Ey| dE,
4
91 g2 [3m2 — d4m,E)] dE,
G2
T ———E} [3m}, — 4m, E4] dE,
4 E,

G 1o
E23m? [1--=2| dE
1273 { 3mJ !

- _ E2
dE, 1273w

(9.54)

(9.55)

(9.56)
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Without neglect the electron mass we have

2 4
ar = 192(27r)£‘71M4 m p4| dE4 dQ(m?, +m? — 2m, Ey)m, By + 2(m? — my,Ey)(m, By — m?)]
w iy
4 4
- 192(27r)gM4 — dBy(E] = m?)' P [m Ey+ mimy, By = 2(m,,Ey)?
w Ty
+2m; By — 2(my, Ey)* — 2m2mZ 4 2m,m? E]
4 4
dl’ = 192<27T)2M4 m dE,(E; —m2)"?[3m3 By + 3mZm, By — A(m,Ey)® — 2m2m?] (9.57)
w
The decay width, in terms of z = m./m,, is
494 my, (1+x2)/2 , 12 , , -
B 192(2%)3]\44 m (E4 - me) [(Smu +3m; — 4muE4>muE4 - QmHme] dE,
Wi Jme
4qg* mb
:192(27r)gM4 el @, I@) =1-8° = 242" In(w) + 82° — 2
w iy
G2mb
=g 1 (@)
19273
GF 2 mi
B (E) 9637 (%) (9.58)
9.2 three body decays in radiative seesaw
We have the Lagrangian [17]
L :eabhaijPLLgﬂ’}b + h.c.
:haijPLL}ﬂ]Q - haijPLLinl + h.c.
:haijPLVanO - h&ijPLlan+ + h.c (959)
where
(N Plan™)T = 1Py Ny~ = Lo Pry* Nyn~ (9.60)
Therefore

L :haijPLVaT]O — haijPLlaﬂ+ + hz;jﬁaPRNjT]*O - thZaPRNjn_

1 NT T * — * * 7 —
5 [hai N (1 = 35)van’ — hajN;(1 = 35)lan™ + hiTa(1 + 75) Nyn™® — hila(1+75)Njn~] (9.61)
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p1 b3 p1 b3
— N' \\\\\ R N
¢ py ’ ¢~ p '
D2 l+ b2 l+
B o
Figure 9.2: Tree level diagram for N; decay
Applying Feynman rules to the diagram in fig.2 N;(p1) — I (ps)h™, h™ — 15 (p2) + Ni(pa).
we have the amplitude
T 1 _
M = —ihgii3(1 — v5)w <m) hgitia(1 — 75)v2
T 1 _
- Zhﬁju3(1 - 75)”1 (qg_—]\/jg) hm'u4(1 - 75)1)2
iHeapij _
T Mg Hi(1 = y5)urtia(1 — y5)v2 (9.62)
"
where
H,pij = hajhgi + haihg; (9.63)
iHupij _
M* = = =22 51 = rs)un] (1 = 5)0a]"
"
iHaﬁij _ _
= — ——5 [t (14 7y5)us][U2(1 + ¥5)ud] - (9.64)

M,
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Multiplying M and M* we have
9 H2[3“
M| ==L a5 (1 — 75)apur @] (1 + 75)yeus][45 (1 — ¥5)asvs 03 (1 + 75)ystsg]

W]
:H]\Ziij [u3TS (1 — 45 )apty @7 (1 4 75 )s) [U3T5 (1 — 75)apvs 9 (1 + 75)-s]
_H]\(}ij [(u3t3)s50(1 — V5)ap(w1t1) gy (1 + ¥5)qe][(waTia) 50 (1 — V5)ap(v202) gy (1 + ¥5) 0]
:% Tr[(ustus)(1 — v5)(uray) (1 + v5)] Tr[(ugtiy) (1 — v5) (v202) (1 + 75)] (9.65)

Using eq. (9.26), and neglecting charged fermion masses

H2.
IM|* = ]\o/i,[ifj Trlps(1 — ) (p1r + M) (1 + v5)] Tr[(pa + M;) (1 — 75)p2(1 + 75)]
n
HZ g5
:—Mg] LM (9.66)

L =Tr[(ps — p3vs) (1 + prys + M; + M) (9.67)

L =Tr[pspr + psprys + Mjps + Mipsys — Psyspr — Psvspiys — Psyvs My + Mys]

=2Tx[psp1]
=23} Tr[Yays]
=895 gas
=8(ps - p1) (9.68)
Similarly
M = 8(ps - p2) (9.69)
Therefore

2 _Ho%ﬁij
M| —Wm(pzs - pa)(p1 - p2)
n

2 _Haﬁij
IM|” = 4 x 64(ps - pa)(p1 - p2)

(9.70)
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In this way, comparing with eq. (9.30), the results for the

replacements

CHAPTER 9. THREE BODY DECAYS

moun decay can be directly used after the

g9 N Hc%ﬁij
GAM;, 4D}
g9 N 16Hc2yﬁij
M, M
my, — Mj
m M;
r=— - (9.71)
my M;
The decay width is according eq. (9.58)
16H2, . 4 M
D(N; — ITIEN;) =—2P4 —y
Ny = Ll N0 =30 Tampnr, 16° )
(hajhsi + haihg;)* M
= 1 9.72
2M} o2’ (%) (6-72)
where
M;
I(x) =1—82% — 242* In(x) + 82° — 2%, T= o (9.73)
J
Similarly the decay through 7 is
(hajhgi + haihs;)* M
I'(N; N;) = 1 9.74
( J — VO!I/,B ’l) QMSLO 192773 (l') ( )
In this way, for example for N
h2,h3, + h2, h3, + 2haohaihgohs M2
—t - a2''B1 al’’B2 a2/talltp2/tp1 2
%:F(NQ — I 15Ny _2&: T oA
h2h?, + h2h%, + 2hy - hihgohgy M2
e T L TR () (9.75)
2]\47‘71 19273
hZh? + h?hZ + 2(hy - hy)* M3
a7y Dghy 115 2
azﬁmvg = I I N,) = IE oo (@)
hih3 + (h; - hy)* M7
= 1 9.76
99,31 (@) (9.76)

M,
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In general
hZh? + (h;-h)2 MP /M,
— 7+ g ? J J ?
DTN, = 115Ny = M? 19273 ( j)
af n
h2h? + (h,; - h,)? M5 :
I'(N; = vougN;) =— — JI( ) 9.77
; (N sVi) M 19273 ; (6-77)
For fix ¢ and j
> s Br(N; = ISIEN;) _ M, (9.78)
> as Br(N; = vavsN;) — M '
while for
S0 Br(Ns = vavsNo) 1+ (hy b M
Br(Ns — [;1;Ny)  hZhi+ By Dy 22, L (MR
af n
2 ap Br(Ns = IT15N2)  h3h3 + (hz'h3)2z(M /M) (9.79)
> o Br(N; = 1INy Whi+ (hy -hg)? 2 '
For N, the total decay width is
M} (M 1 1
Tiot(No) = [h2h2 + (hy - hy)?] —2 7 (=2 ) |— + — .
tor(V2) = [ + (b - ho)] 7o 5T { 37 VAT (9.80)

And the individual branchings through n* given by eq. (9.72).

For N3 we have several possibilities for signals with charged leptons. The cleanest one is when
Ns decay only through n* through an intermediate N,.

The branching of N3 to two charged leptons plus missing energy is either

Br(Ns — [T Ny) (9.81)
where the N3 is reconstructed, or
Br(Ns —_ I3 N1) = Br(N3 — vausNa) X Br(Ny — I515 Ny) (9.82)
770
that seem to be very difficult to reconstruct. This also seem to be an irreducible background for
Br(Ny — I I3 Ny) (9.83)

To get rid of processes like the one in eq. (9.82) must be Br(N; — v,v3N3) is suppressed. This
happens if
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o [(My/M3) < 1. In this case the mutilepton signal for Nj is also suppressed. Clearly this
happens for My ~ Mj as I(x) is a sharpest function which controls the kinematical suppression.
We show below for an specific point that even for M3— Ms ~ 20 GeV, we can have the Branching
in eq. (9.81) sufficiently large.

° Mﬂi <K Mno

In appendix 9.A, it is shown a full set of yukawas consistent with neutrino physics. For this
solution

Br(n™ — N. Br(n™ — N.

Br(n™ = Ns) ~0.61 Br(n™ = Ny) ~0.37

Br(nt — Ny) Br(nt — Ny)

Br(n™ — Np) ~0.51 Br(nt — Ny) ~0.19 Br(nt — N3) ~0.30 (9.84)

Below we estimate the branchings to N3 — l;lgNl or N3 — v,vgNy — Vayﬁl;lgNl. For this we
need the Branchings for Ny — l;l;Nl compared with Branching to Ny — v,v3N;. In general this is
From this, the visible decays are using eq. (9.78)

Zaﬂ BI'(NQ — l;l;Nl)
Eaﬁ Br(Ny — vav5Ny)

~0.758 = > Br(Ny — I 11 Ny) = 0.431 (9.85)
apf

On the other hand the chanels for N3 are N3 — 715 N1, N3 — vavgNy, N3 — 1715 Ny, and Ny —
vov3Ns. From egs. (9.78) (9.79)

Zaﬁ Br
Zaﬁ Br(N.
Zaﬁ Br
> ap Br

N3 — v,vgN: Br(Ns; — -1t N.
5 b2 0.0812 2ap Br(Ns = Ll Vo) ~ 0.0615

Zaﬁ BI'(Ng — l(;lgNl)

~ 1.320 (9.86)

2T 22
~
=2
3

1
Br(N; — I 15N = 0.406
%5: H(Ns )~ 10,0812 5 0.0615 + 1.320
> Br(Ns — vovsNy) & 0.536
ap
> " Br(Ns — varNa) ~ 0.030
ap
> " Br(Ns — I 1 No) ~ 0.025 (9.87)
ap
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The expected background for Ny 3 — l;l;Nl is

> "Br(Ns = vavsNa) x Y Br(Ny — I 15 Ny) ~0.030 x 0.431 = 0.013
af af

We have that

M5 M 1 1
Tyot(Ny) = [2h2 + (hy - hy)?] 27 (1) |+ —
tot( 2) [ 1472 +( 1 2) } 19273 M, M;l:l: * M;;O

Tyis(Ny — Ni) =Y T(Ny — I 15 Ny)

ap
_hih3 + (hy - hy)? MY (M
M, 19273" \ M,
Luis(N3 = Ni) =Y T(Ns = I 15 Ny)
ap
_ hihi + (h; - hg)® M3 (M
B My 19273 \ Ms
Tinvis (N3 = No) =Y T(Ns — v45N2)
apf
_hihg + (hy-hy)? MY /My
M) 19273° \ M3 )~

From above equations we can obtain the following observable:

Brinpis(N3 — Na) X Brys(Ny — Ny)
BI'M‘S(Ng — Nl)

hihit(hohs)® MP p (Mp)\ ( bihit(hihe)? M7 r (A
MH4, 19273 \ M3 M2, 19273~ \ Ma
n n

h%h%—‘—(hl'hg)Q M:,? My
M4:|: 19273 I E 1—‘tot (NQ)
n

_ h3hi + (h, - hy)? (%) 1
hthi + (hy - hs)* \ M; Mﬁo{ L1 }

M? M?
20 nt

_ h2h2 + (hy - h3)2[ M, 1
hih3 + (h; - hy)?" \ M; M,
L+ -
ni

243

(9.88)
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9.A Sample point
erte(32:*) (h(lsl) :i=1’3) ) (h(1’2) ,i=1:3) 1) (h(lss) :i=1’3)

-0.00188878597 0.000780236776 0.000248251388
-0.000352494763 -0.000180683976 -0.00122443053
0.000392272581 0.00120920029 -0.0012245638

So that
h? ~ 4.238 x 107° h3 ~ 1.656 x 107°
h3 ~ 3.116 x 107° h; - hy ~2.208 x 1077
h; -h3 ~ 1.015 x 107 hy - hs ~1.143 x 1076 (9.89)
h?h3 + (h; - hy)? &7.067 x 10~ "2 h?h2 + (h; - hg)? ~1.321 x 10"
h2h2 + (hy - hs)? ~6.465 x 10712 (9.90)

The spectrum consistent with neutrino data is

M,y ~6.16918656 KeV My ~=22.8695451 GeV M3 ~43.126911 GeV
M, ~139.1382 GeV M= ~149.1382 GeV (9.91)

9.B Preliminary discussion

One interesting possibility in view of the large invisible direct decay, like N3 — v,1/5N7, is to get the
observables from the missing plus one energetic lepton (coming from n*) signal. May be decays like

7]+ — ZINg — l;_ ET
nt — Ny — IT Ep
(9.93)

Once 7 ;, or n* are produced the full list of signals is: For * production. The decay to Nj is

312 M2 +m?
T(nt = ITN)) = mw (M2, M7, m?) (1 — JT) (9.94)
n



9.B. PRELIMINARY DISCUSSION

3h? M? +m,
T(n™ — ITN;) = ———\V2 (M2, M2, m? (1 e
za: 7 16mM,, (M, My, ) M?

with

N A ) = [0 4 - ) angzagt]

Neglecting m,, with respect to Ns 3, we have for j = 2,3

SR
N2 (M2, M2 m2) M (”sz) -
n

57 1/2
4M; ]
M;

r M2 ap2Y?
~ 2 J J
~M2 |1 +2-L — }

Mg My
M2 1/2
A2 J
~M:|1— QW}
M2
~M? |1 — —]}
n M,?
Therefore
( 2\ 2
3h2 M/, ( — _J) i — 9.3
+ + ~ 71N J )
> Tt = 1IN = X M2 |
a \1 j=1
( M2
2 J .
167 g )
\1 j=1
In this way

Peor(n®) =Y Tt = IFN;)

aj

3M, M2 M?2
~ h?+h?(1-2—2 h2(1-2—2
167r{1+2( Mg)+3( M?
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(9.95)

(9.96)

(9.97)

(9.98)

(9.99)
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Br(nt = N;) 3, T(n" = IIN;)
Br(n® — Ni) >, T(n* — Il{N;)
b2 1202/
h2 1 — 2M2/M?

h
2 2 2 2\—1
(11— 2M2/M2)(1 — 2M2/M?)

h

h M2 — M?
A I I B
M;

For three branchings we should have

2
~_J
h2

%—]2(1 — 2M? /M) (1 4 2M7 /M)
2
~_J

a+b+c=1
b 1
142 82
a a a
1
@=——"-"+
1+b/a+c/a
In this way
Br(n®™ — Ny) = L
Br(nt—N3) Br(nt—N3)
L+ Br(Z“’—)Ni)) + Br(Z‘*’—)Ni)
From eq.

Br (N3 — Nl) .

BI‘(N3 — NQ)

(9.100)

(9.101)

(9.102)

(9.103)
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